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STRESSES AND DISPLACEMENTS
IN TWO, THREE AND FOUR LAYERED SYSTEMS
WITH FIXED BOTTOM

introduction

This report deals with the mathematical aspects requirecd for the establishment
of a computer program able to calculate all stresses and displacements in two,
three and four layered systems.
The materials of the different layers may be isotropic or cross-anisotropic.
The interface conditions cover ali the cases from full friction to full slip included
partial friction.
The bottom or the last layer is considered to be fixed (no vertical deflections).
The loads can either be flaxible either rigid.
The report is based on
- existing material : isotropic muitilayer theory (BURMISTER, 1943)
and anisotropic multilayer theory (VAN CAUWELAERT, 1983).

- original research work : interface conditions (fixed bottom, partial friction) and
satisfactory convergency, thus complete accuracy, at the surface and in the first
layer of the system, rigid load boundary condition.

This report contains three parts :

Part 1 : a theoretical outline wherin the besic equations are given, the specific
boundary conditions discuseed and the particular numeral problems related
to the accuracy at the surfece and in the first layer, solved,

Part 2 : the general mathematical analysis of the chossn numerical solution and
a description of the programs and their utilization.

Part 3 : (appendices) the detailled mathematical and algebrical analysisses for the
different considered cases : isotropic or anisotropic, full slip or not, flexible
or rigid load,

The programs are written in FORTRAN 77 and run on IBM PC or all other compe-
tible equipment,




PART 1. THE MULTILAYER SOLUTION

1.1 THE BASIC EQUATIONS AND FUNDAMENTAL HYPOTHESISES

The stresses and displacements in a multilayered system of homogeneous and
isotropic layers subjected to a uniform vertical load applied over a cirecular

area are obtained from the following stress function:

Jo(-r).!‘(-)

“uz
’-0 n

[Aie“ - Bic + zci_e'.z - zDie-'u] d

Resulting stresses and displacements are given by:

o, * [: Jo(-r).l?(-)lAilzcu + BiIZQ-z

nz -az
Cin(l Zu1 mz)e + Din(l - 2"1 + mz)e ] dm

9. =" f: Jo(lr).l'(-) [At.Z‘u + '1-2c1z

R + Cil(l + 2u1 + “).u - °1'“ + 2"1 - u)o"l dm
J (.r)o’(-)
ﬁ + fo ! - lAinzo" + lilzi-'

+ ctn(l + u)cu - Din(l - u)oml dwm

.Jl(-t).P(l) 2 ms 2 s
= [ A @™ + B a%e™ + Cla(1 + m)e

- 01.(1 - u)o-..l dm

2.-: 2 s

T " " [: Jl(lr).l(-) (All - bu'e



nz
+ cin (Zu1 + mz)e + D1-(2ui - mz)e

1+y Jo(nr).l"(n)

1:] dm

. e 511 ; = [Ainzo-z - Binze-‘z
- Cin (2 - kui - u)e-z - D:m (2 - 4n1 + nz)ec‘z] dm
u -.--}—;:—1 : Jl(“:.y(-) [Ainze-' + Blnzc-‘z
+Cim (1+ az)e™ - Dim (1 - az)e 7] dn

vhere

a = radius of the uniformly loaded circular area

p = intensity of the uaiform vertical load

r = horizontal distance from the axis in a cylindrical coordinate

. system

z = depth

0_ = vertical stress

¢ = horizontal radial stress

o, = circumferential stress

t__ = shear stress

w = vertical deflection
u = radial (horizontal) displacement

E, = Young modulus of a given layer

i
y - Poisson’s ratio of a given layer
“1'"1 = unkanrvn paramsters to be determined by the boundary conditions
J° s Bgssel function of the first kind of order zero

@ = integration paramster




o

In the case of a cross—anisotropic body the stress function is:

-z '} ™8y
+ C.e "z ~-D,e z] dm

¢ = [0 J (ar).F(a)/m [A ™ - Be s A

i

This stress function differs fundamentally from the isotropic case such that

the two cases must be handled different,

The stresses and displacements are given by

o, =[5 I3 (ar).E(m) [n,(1 + ) (An’e™ + Ba’c™)

2 -8 m2 2 -si
+ ni(ni + ui) (ci'i“ e i <+ °181" e "m2)] dm

o = =[5 J,(me).F(m) (a1 + ) (Ape™ + b a’e™)

n (o, - u) .
+ S T (C.s -20'1“ +Ds nze_'in)] dm
ni - ul it i'i

J) (ar)F(m) 2 me 2 -z

+ !o —_—— ni(l + “1)“1' e +Bam'e

s, mx -, mz
2 1 2 i
+ °1'1‘ . + 01-1- e ) dm

s m sm ny(l-n)
i 2 i 11 i
#Di.i.. ]_n——:——

o = - [ I (mr).P(m) [C s n’e =

J (mr).F(m) s mz
ol —l—.-t—-- [Ainzo-. + '1-2.-: + Cililzo 1

e
+ Di't- (] ) "1(“"1)"

Tee =[5 (a0 PG Ln (1 ¢ by (A w?e™ - nate™)



- ——————— - -

-4 -
s mz -5 mz
2 2 i
+ nisi(ni * “i) (Cisim e i D;s;m’e )] dm
W= Ei fo - [“1(1 + M) (Aim e - Bm'e
n.8. (n +u2) 8 s . mz
10401 N4 2% 2 %1
+ , (Cisi we “mz - U5 .me ) jdm
+ .
( ui) ni(ni M ui) ® Jl(mr) F(m) 2 mz 2 ~mz)
us= ~ (A,m“e" + B .m"e
Ei o m i i
simz -simz
+ Cisim e + Disim e ] dm
where

ni = Evi/Ehi is the degree of anisotropy expressed as the ratio

1? between the vertical and the horizontal Youngs moduli
| 2
Y e Sl
si - 2 2 is the index of anisotropy.
By T ¥y
4

The anisotropic relations are established by the assumption that Grz the shear
* modulus in the vertical plane, is related to the other elastic constants by

(BARDEN, 1963; VAN CAUWELERT, 1983):

+ + .
1 n Zui

and that v, Poisson”s ratio in the horizontal plane, is related to Poisson’s

T ratio in the vertical plane by (EFTIMIE, 1973; VAN CAUWELAERT, 1983):




1.2. THE BOUNDARY CONDITIONS

1.2.1 The Surface Conditions

The surface conditions are expressed by an adequate value of the Kernel

F(m) in the stress function.

In the case of a uniform distributed load over a flexible area the kernel

is
) F(m) = paJl(ma)
[';
where,
} Jl = Bessel function of the first kind of order one.

Indeed the expression for the vertical stress is then at the surface.

P
Q
]

paf: Jo(mr) Jl(ma) dm

p for r < a

p/2 forr = a

oforr>a

In the case of a load distributed over a rigid area the kernel is

F(m) = %5 sin (am)

-4
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at the surface

i g, = gﬂ f: Jo(mr) sin (am) dm

= gﬂ (az-r:z)-l/2 forr < a

=0 forr > a

The total load

2n ,a 2
P=/ [, o,rdrde = mpa
is equal to the applied load.
Also at the surface, the deflection 1is

amd) 3 () sin (aw)
W= pa

dm
o m

The deflection is constant under the load.

1.2.2 The Interface Conditions.

Let us consider an n-layered system, consisting of (n-1) layers each hav-
ing a finite thickness supported by a semi-infinite body. There is associated
with each layer a stress function 01 (A1 Bi Ci Di) with 4 unknown parameters

such that the total of unknown parameters is 4n. Two of the parameters depend

on the loading surface conditions.

o, = f(p) for r< a




At infinite depth the stresses and displacements must vanish and thus An and
Cn = 0. As a result, there are 4 (n-1) parameters to be determined with &
conditions at each interface. The four interface conditions are addressed by
imposing the conditions that the layers maintain contact and that the vertical
stresses (oz ), shear stresses (rrz) and vertical displacements (w) at the
bottom of each layer and at the top of the underlying layer are equal. The
fourth interface condition, horizontal displacements (u), depends on the rela-

tive adhesion at the interface between the layers. The two extremes of adhen-—

sion are
@ full continuity, expressed by setting the horizontal displacement (u) om
each side of the interface equal.

9 frictionless interface expressed by considering the interface as a prin-

cipal plan which results in the shear stresses equaling zero.

Partial adhesion can be expressed by:

i i+l

with

K ¢ [0,inf]
When K = 1, one has full continuity

K # 1, one has partial continity

Zero friction then becomes a separate case, for which another program has to
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be written.

1.2.3 The fixed bottom condition

The boundary conditions discussed in the previous paragraph indicate that the
last layer of the multilayer is considered as a semi-infinite body. One can
also consider the case of a multilayer system resting on a rigid body, such
that vertical displacements vanish at the contact face with the rigid body.

This problem shall be designated as the fixed bottom condition.

In addition, through the general solutions of the compatibility equation
in multilayer layer theory, we can get w=o at the desired depth and determine
the corresponding values of the parameters An’Bn’Cn’Dn' In the isotropic
case, the parameter Cn must then be put equal to zero, while the parameter An
is determined by condition w=o. In the anisotropic case, either the parameter
An must be zero when s<l, or the parameter Cn must be zero when s>l Using cri-
teria that a minimum influence on the surface deflection is desireable and the
fact that conditions u = o and Trz = 0 have less physical sense, we retain the
condition w = o as the most reasonable rigid bottom condition. An added bene-
fit of this selection is that the condition w=o0 is the easiest to account for

mathematically.

1.2.,4 Influence of a fixed bottom condition on the numerical computation.

The deflection at the surface of a two layered system, without fixed bottom,
was solved by BURMISTER (1945)

2(1-u§) - Jo(mr).Jl(ma)

voRTRRTE] 0 m

S P




| 1 + 4Kphe ™ _ gre iR
1 - (L + K + 4kn’h2)e 20 4

|
KLe—4mhi dm

where

(3-4u2) - n(3—4ul)

_ l1-n -
A Y €T L (-4u) ¥ 8
E2 (1 + "1)

DEE (T Fu,,
El 1 + uz)

which, to avoid convergency problems during the numerical computation (see art

1.3.3), is written as:

2(1 - uz) J (mr).J, (ma)
1 ® 0 1

w = -Par—_izf—___ o - dm
. 201 - ul) - Jo(mr).Jl(ma)
P E1 o m
22 -2 -4
l(L + k + 4kah + 4ka’hD)e 2™ — 2xLe mh! i
1 - (L + K + 4ka’hP)e 200 4 ge~doh |
=w1+w2

The deflection with depth on the axis of the loaded area is computed (r - O,

Jo (mr) = 1) with E, = 1,000, E, = IOO,u1 =y =05, a=10, h=10, p=1,

1 2 2

The value of W, is obtained analytically (WATSON, 1966)

1
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Jl(ma) 2(1 - u2)
dm = -pa E

= -0,015

1

The value of Wz is obtained by numerical integration for different values of

the integration parameter m:

m v, w

0.5 - 0.0582 - 0.0732
0.1 - 0.0580 - 0.0730
0.05 - 0.0580 - 0.0730
0.02 - 0.,0580 - 0.0730
0.01 - 0.,0580 - 0.0730

From this data, the deflection is correct for values of m=0.! or smaller.
For the case of a rigid bottom at a depth H the value of the deflection at the

surface is given, with u = 0.5, by

J, (ma) ~2mH
_lsdpa » 1 ] l1-e dm

E %0 m 1+ (1 + 2pH)e20H

w =

In this expression, for m = 0, the value of the integrand is equal to zero,

while in the previous case the value was:

201 - D)

1
pa E, *7°*T-L-K-K
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By splitting the integral the expression becomes:

J (ma)
l.5pa,e 1
W= - EP Io = dm
o Lspar= I, (ma) 2(1 + pr)e 2™ ‘
E ‘o m ¢ 2mH °®

1+ (1 + 2mH).e

With p=1, a = 10 and E - 1,000, the value of w, = -~ 0,015; the values of w

3 2

as a function of m, are computed

- with H = 3a
m wz w
0.5 + 0.0036 - 0.01t4
0.1 + 0.0033 - 0.0117

0.05 + 0.0032 - 0.0118
0.02 + 0.0032 - 0.0118
- with H ~ 1,000a

0.5 0.0833 + 0.0683

+

0.1 0.0167 + 0.0017

+

0.05 + 0.0083 -~ 0.0067

0.02 0.0033 - 0.0117

+

0.01 + 0.0017 - 0.0133

For the case of a rigid bottom at H = 3a, the deflection is correct for values

of m = 0,05 or smaller but for the case of a rigid bottom H = 1,000a, the
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deflection is not correct for all the values m. In the latter case (H =
1000a), the problem is analogious to the semi-infinite layer case vhere w =

~0.01.

For m = 0, the function f(m), in 1.5 pa/E [: F(m) dm, is equal zero: but at a

value of m = O+, the function is equal to its semi-infinite body value.

For comparison, the function is given below for various values of m for a

semi-infinite body and for a deep rigid bottom.

m f(m) semi-infinite f(m) fixed bottom
0.00 0.5 0

0.01 0.499999 0.499999

0.02 0.499975 0.499975

0.05 0.499844 0.499844

0.10 0.499375 0.499375

In choosing a value too high for m, an important part of the deflection is
neglected. The error is significant for the deep rigid bottom condition. As
a result, the rigid bottom case must be handled carefully, while an average

value of m = 0,1 gives correct results for the semi-infinite case.

1.3. PARTICULAR NUMERICAL PROBLEMS

Several numerical problems arise when accuracy is desired, whatever the
location at which stresses and displacements are to be computed. In all cases

the problems of accuracy can only be solved where the relations for stresses
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and displacements are available, although partially, in closed form. Careful
attention to specific terms within the gensral expressions can help to improve

the accuracy of calculations.

1.3.1. The full slip interface condition

As was pointed out the zero friction or frictionaless interface condition
is a separate case that will be addressed. The value of any atress or dis-
placement is obtained from one of the above mentioned relations. Let us con-
sider, for example, the vertical stress in the i-th layer of an isotropic

layer:

- 2w 2 =2 ns
o, = pe Io J (ur).J,(m) [Ai' e +Bae - Ctn( l-Zui-:)e
+ Dil( l-Zuim)e-ul dm
Solution of this relation by numerical integration requires a value of m from

o to a value high enough to ensure convergency. In the case of n layers and

rigid bottom the parameters A‘.,l1 ,Ci and Dl must be determined for each value
of m based on boundary conditions and a system of (én - 1) equations with (é4n

= 1) unknowus.

Early solutions of this probles involved inverting the matrix of the (4n
= 1) unknowns. However the inversion procedure leads, in some cases, to dif-
ficulties because of the presence of negative exponents tending to zero in the
deterninant of the denominator. Other programs havs tried to avoid the inver-
sion problem by using a trial. The procedure involves selecting values for ‘n
and Dn and solving the system of (&n -~ 1) equations. The solution is

evaluated on how well the surface conditions are met. A second pair of values
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for ‘n and Dn is selected and a new solution obtained procedure. Since the
process is linear, a good estimate of ln and Dn can be made by linear interpo-~
lation. The difficulty lies in the appropriate choice of the values of Bn and

Dn to ensure a numerically correct interpolation.

However, neither of the approaches are appropriate for all cases of a
frictionless interface. The vertical deflectin at the surface of a two layer,

the thickness of the first layer being H, is given by

M, Jo(mr).d, (ma) 2 -ui 2 mH
v = pa Io — [Al' ¢ - Bm'e
-uH mH

- [2—4u1+nﬂ) Clne - (2'4ul‘lﬂ) Dlne ] dm

In the case of a frictionless interface, this relation becomes (BURMISTER,

1945)

203) _ 1_(ar).3, (na)
Bl o ]
re?™ _ (2r-1-2a8) - (1-P)e ’
+ (2F-1)2mH - (1+20°H%) + (1-F)e

¥ = - pa

uH

dm

t 2all -lell

Fe

where

(1-u,) + n(1-u,) E, (1 +y))

and n ® — ——————
2(]-u2) !l 1 + ¥y

For m = O the term in brackets becomes indefinite (0/0). This condition is

r=

not singificant wvhen computing stresses, because the product of the Bessel
functions is also zero at the origin (Jo(-r).Jl(-a) = 0 for m = 0,) However,

in the case of deflection the
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As a result it is necessary to determine the term in brackets for m = 0 and

thus to have it in a sufficiently closed form to be able to compute it.

1.3.2. Over and underflow problems

In the numerical integration procedure m varies from o to a value high
enough to ensure convergency. Stated differently, the integration procedure
can be stopped when the terms of the series become small enough so as not to
have an influence on the final result, The value of m to achieve convergence
may be as high as 20 to 30. The nature of convergency can be examined by con-

sidering the two-layer problem developed in the preceeding paragraph.

The parameters Cl and Dl’ from which the values of all the other parame-

ters can be deduced, are given by:

((1-FemH)e™ - (1-F)e ™
1 ZaH

re?™ 4 (2F-1).2m - (1+202H%) + (1-F)e”

2mH

it |

[Fe.H ~ (F-uH)e
1 2mH

Fe?®™ 4 (2p-1).2m - (1+42024°%) + (1-F)e 2™

These expressions can be examined in terms of H/a, where a is the radius of

the circular loaded area. At an H/a value of 5, a memory overflow will occur

for values of m above 10 as a result of such exponential terms such as e.ul.

.2-H/a. However, this problem can be overcome by dividing both numerator

and denominator by ez-ﬂ.

and

Expressing the parameters in this form will result in an underflow. However,
most computers have a routine that sets variables subjected to underflow equal

to zero. If such a routine does not exist, it can be build into the program.
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By using the transformed relations for Cl and Dl convergency occurs quickly
and in a completely safe way (i.e. the numerators both tend to zero, while the

denominator tends to a constant F).

This can be obtained automatically for the two layer system by writing the

boundary conditions at the surface (z = -H) as follows:

Ale-m + sle"“ - ¢, (1-2y, + af)e ™ Dl(l-Zul-mH)e-H . o 2ol

1.3.3. Stresses and Displacements at the Surface

Convergency is slow when surface stresses and displacements are computed

and D, content at this level a constant term in

becaugse the parameters Bl 1

their numerators.

We use the surface conditions to express Bl and Dl in function of Al and Cl'

Each relation is then split into two parts: an integral of a product of
Bessel functions which is computed analytically and an integral containing
only negative exponents in the numerator which ensure normal convergency. In

the case of a unifors distributed load the analytical integrals are:

[] J,(ur) J)(na) dm =

1
a

-—l- [3 =
2a or r a
o

= for v >a
- Jl(") 1
Io Jl(-r) —;r———d---z—: for r € a
- —‘7 for r > a
2r

Jl(u) r
[:Jl(-t)—;—-d---z—.- for r { a
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a
= Ir for r <a

J. (ma)
f: Jo(nr) - dm which {8 a special case

- Jl(n8)

For r = o, one has dm = ]
0O m

Jo(ur).Jl(na)

For r = a, one has f: dm = 2/x

™
- Jo(nr).Jl(ma)
For r < a, one has Io

where F is the hypergeometric function of GAUSS:

= (a)_(b)
n__ ‘mn

» - - n
F (a, b; ¢c; z) gv-(—c-s-n—z

(a)n = a (a+l) (a+2) ... (a+n-1)

(n)° =1
- Jo(nr).Jl(-a) a a2
For r D a o = da = 5 F (1/2, 1/2; 2 :f)

In the case of a rigid load the analytical integrals are:

!: J (mr) sin (ma) dm = @eH™M? for r<a

=0 for r > a

f: Jl(-r) 212:5521 dm - la—(az-x'z)]”2 for r { a

]: Jl(-r) 212;1251 da =

f: Jo(-r) !12;$!£l dn = /2 for r < a

- arctg [a (r2-a)7V/?

a

2

dm = F (1/2, - 1/2; 1; &)

2
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1.3.4 Accuracy in the First Layer

As with computation of stresses at the surface the numerical computation

of stresses in the first layer or near the surface converges slowly.

Again we express the parameters B1 and Dl’ associated with small exponentials,
in function of the parameters Al and Cl and split the obtained relations in an
integral of a product of Bessel functions and an exponential (known as an

LIPSCHITZ-HANKEL integral) which has to be treated in a particular way and an

integral with normal numerical convergency.

Infinite LIPSCHITZ-HANKEL integrals can be transformed in finite and thus

integrable, integrals when the Bessel indices are identical.

In the case of a uniform distributed load, a general solution can be achieved
by considering the stresses and displacements in a semi-infinite body submit-

ted to a force P.

With P = ptaz

lim pa [: J (mr) J, (ma) dm = i% f: J (mr) dm
a=o

Thus we may write for example

pa f: J (mr) J, (ma) e  dm - 35 [:' f: f: p J (w) e ™ dodo dnm

vhere p = (az+r2-2ar cos 0)




.

- 19 -

In this case

f: J,(m) e "% dm = (924'22)-1/2

so that the infinite integral
® -mz
pa fo Jo(mr) Jl(ma) e dm

is transformed in a finite integral

2 !21 a_p dp do
2v ‘0 ‘0 , 2, 2.1/2
(p™427)

One of the two integrals can be solved analytically. The required integrals

are:

- -mz p (a Zz(az--xz)”2 dx
pa [, J (mr) J (ma) e dm = R [T 172

(zz+x2+r2-2xr) (z2+r2+az-2xt)

Zz(az-x2 1/2 ax

+r2-2xt) (zz+r2+a2-2xr)l

pa f: J (mr) J,(ma) mze - dm = 55 fga 2 /2

(zz+x

+ 'B'Ia 22 (az-xz)l/2 dx
2% ‘-a

(z2+r2+a2-2xr)3/2

-2 2z(r2+x2-2rg) (az-x2 12 dx
v (12+x2+r2-2xr) (z2+r2+a2-2xr)377

1/2 dx

- _P !a 4:(;2+x2-2rx) (az-xz)
2% ' -a

(z2+x2+r2-2xr)2 (z2+t2+32-2xr)l7i
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o J (mr) Jl(ma) P 2 2.1/2 . ( 2_21/2
pa Io [} . e M2 4 = 7% Iga 1n (r2 Xr az+zz)l/2 a -x )1/2 dx
(r =2xr+a " +z") - ( )

2_ 2
a —x
and following LIEBSCHITZ-HANKEL integrals

|
—5——7| sin8de

- Jl(mr) Jl(ma)
(zz+w2)1/|

pa fo ur

-mz a n 1
e dm P Io ~ 1
w
2 2 2
with w = a +r -2arcos o

o= Jl(mr) Jl(ma) -mz a2 L 1 2
pa Io r e dm = p— Io z—i:;§;§77 sin“0de
z

inzede

a2rz2 n
3 /

@ -mz 1
pa [ J,(nr) J (ma) mze dm = 3p—— [ (22+w2)5/2 s

In the case of a rigid load we expand either the Bessel function, Jo(mr)
or Jl(nt), either the sine function, sin (ma), depending on the relative

values of r and a, and solve the resulting series of integrals.

The required integrals are:

- Jo(mr) sin(ma) e-“lz

dm =
o m
 (-n° 201 | l._2 |
if *>a I '(r"r)- T TntT F |n+l/2,-n; 1; -5
o nt (a“+2%) n+ T 4z




if

if

if

if

if

if

if

_21_

s D" n . +1/2 2 |
r<a arc tg (a/z) + az I = 2(n2 1/; F |n+l,-n+l; 3/2; —-5_-3-—2
1 r(1/2)al (a"+z°) a“+z
[: J,(mr) sin(ma) e "% dm =
© 2n+l 2
" 2n+3 . _r
r>a % 2n+3F 2 ’-n’1’22
o 2 2.3 r +z
(z°+r°)
® (=D" 2" ¢ (n+3/2) 2
r<a 2t 55 F |otl, n; 3/2; —-2-3_.E
o T'(1/2) n! (a+z°)" a“+z
® J (mr) sin(ma) mz e "% 4n =
Io o
2 2 « n 2n+l 2
2z -r (-1) a {n+l) 2n+3 _ .. T
r>a az ; 775737 + 2z ¢ 7ot+3 F 7> N 1; 1;
274r0) L oa 20 T2 Ttz
(z7+r™)
22 (-1D" 2P (atD) T (n+3/2) a2 |
r<a ébaz" ¢ RS F|n+2, -n; 3/2; <53
o n! I'(l/2) (z"+a )n a“+z
- Jl(mr) sin(ma) e 2
o o dm =
r>al- 2z + 2 ; Sl it F|283 _hen; 2 e
—ﬁ_ 5 ’ ’ >
r r(r2+z2)l 2 2 1 2 5 2;+3 2 r2+22
(r +2°)
L n 2n+l 2
r<aa L I §“+g/211 F |n+l, -n; 3/2; —32_7
o (a+1)! I(1/2) (z“+a“)" a‘+z

f: Jl(mr) sin(ma) e % dm =



Rt |

N e ey —

hadid' 4

Dad 0

e

TR
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w 2n+1 [ 2
(-1)n (n+l) a . T 2n+3 _ .. T
if r>a I 7n+3 F 2 ’ n; 2’ 2 p)
o 2 2.7 r+z
(r™+z)
© n 2n 2
16 rca 23 EDE- D ¢ ln, s 3725 2
o n! r(1/2) (a"+z%) a“+z
f: Jl(mr) sin(ma) mz e > dm =
© n 2n+l 2
(-1) a .r.z (2n+3) (n+l) 2n+5 _ ., _ T
if r>a z 1% T3 F 5> T3 2; >3
° 2 272 Ttz
(r'+z7)
2 2 2 2
if rca DEQra)) L, S DT e (nd3) T/ ¢l g —a—,
bl ’ ’
(az+zz)3 1 n! r(1/2) (a2+z2)n+2 a2+z2

PART 2: NUMERICAL RESOLUTION OF A FOUR LAYER SYSTEM

2.1 THE MATHEMATICAL ANALYSIS

As shown in art 1.3.1, the mathematical analysis must be different

depending on the layer interface conditions.

2.1.1 Full or Partial Friction at the Interfaces

The case to be solved Zor first is full or partial friction at the inter-

faces. Boundary conditions for this case will be

- At the surface g =p

- At each interface o " O 41

Trzi " Trzi +1
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w, = wi+1
u; = Aiui+1
where Ai is a factor for partial friction.
-At the bottom w=20

A4 or C4 = 0 1if rigid bottom

A, =C,

= 0 if 4 - th layer is semi-infinite
Consider an isotropic four layer problem which will result in a system of
16 equations with 16 unknowns (Al’ Bl,....C4, DA)‘ This system of equations
is difficult to solve analytically in the same way that BURMISTER did for a
two and three layered system. Using the same approach results in mathematical
errors introduced in eliminating unknowns. As a result, it is necessary to
modify the analysis procedure to solve accurately the numerical problems
detailed in Part 1. The main objective of the approach is to obtain an
expression for each unknown parameter consisting of a numerator coutaining
negative exponents only and a denominator containing a constant term and nega-
tive exponents. During the integration procedure, when the variable tends to
infinity, the numerator will then tend to zero and the denominator to a con-
stant value. In the analysis the exponents must appear in close form. The
factors multiplying the exponents may then be expressed in a more comprehen-

sive form. Sequential steps in the mathematical analysis for a rigid bottom

are as follows.

First Step

Replace in the boundary equations of the third interface the parameters

A by their values obtained from the rigid bottom condition.

and C

4 4
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Second Step

Write all the interface conditions in matrix form.

. T
~ At the surface M1 (A1 B1 Ll Dl)
where ML is a 2 x 4 matrix
. . T _
- At the first interface MI(AI B1 Ll Dl) =
where Ml and M2 are 4 x 4 matrices
T
-~ At the second interface M3(A2 B1 C2 Dz) =
where M3 and M4 are 4 x 4 matrices
T
~ At the third interface MS(A3 B3 C3 D3) =
where M. is a 4 x 4
and M6 ;s a 4 x 2 matrix.
Third Step
Invert the matrices M M, and M_.

1’7 5

The system becomes

T T
¢, Dl) = (1 0)
-1
1

T ~1
2 C2 D2) M3 .MQ(A3 B3
-1 T

T
(A3 83 C3 D3) = MS 'M6(Bk D“)

MI (A1 B1
T T
C1 Dl) = M .MZ(A2 Bz 02 Dz)

T
3 D3)

(A, By

(A2 B C

and finally

R T TR T

T T
| MpeMy MMM (B, D) = (1 0)

1

The product MI.MII.MZ.M; .Ma.M;I.M6 is a 2 x 2 matrix, so that we can write

=a ot

. T
MZ(AZ B2 Lz DZ)

T

M4(A3 B3 C3 D3)

T
M6(B4 Da)
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ay; 87\, 0
and solve the resulting system:
292
2117322 T 221212
B!
311°322 T 2217912

B4 =

D4 =

Utilizing the different matrix equations, we express then the other
parameters as functions of B4 and D4. To obtain the exponents in close form,
the matrices are split in such a way that the exponents can be factored out of

the brackets. For example, in the isotropic case:

{ -1 1 -X

= - + e M
1 4(1-u)) ¢ € .

.M

11 12 ]

= [ex.M21 + e-x.M

-1 1
3 4(1-u,)

=
[

221
[ e .M, +e .M

31 32 1

P -y
M [ e .M41 + e "M
-1 1

s ° 4(1-uy)

42 ]

-z 2z
[ e .M51 + e 'MSZ ]

y = m(h1 + h2)

z m(h1 + h2 + h3)

{ =
u m(hl + h2 + h3 + ZhA)

? h1 being the thickness of layer i.

The terms of all the matrices are in closed form and can be introduced as
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input values for the numerical procedure. The terms ot the resulting products
are not expressed in closed form, however it is sufficient to know which
céiunns or rows of each matrix contain only zeros. In the final product
intermediate matrices disappear because they are identical zero. As a result,
those matrices preceeded by positive exponents vanish. Subsequently, the
values of all the unknown parameters except for the parameters Bl and D1 at

the surface, can be expressed in terms of a numerator with only negative

exponents and a denominator with a constant term and negative exponents.

At the surface, the values of the parameters Bl and Dl contain a constant
term in both the numerator and the denominator followed by negative exponents
which precludes obtalning satisfactory convergency. As an alternative, the
parameters B1 and D1 are expressed, utilizing the surface conditions, as a
function of the parameters Al and Cl. The resulting expression for a given

stress or displacement becomes:

o0
0 = pa Io Jo(mr).J (ma) [ K+ £,(A) + £,(C) ) am
where K 1s a constant term and fl(Al) and fz(Cl) are functions of the parame-
ters A1 and Cl which converge normally. Splitting the above relation into two

parts results in:

o, =pa [ Jj(ur).J,(ma). K du

which can be solved analytically

o, = pa f: Jo(mr).Jl(ma) { fl(Al) + fz(cl) ) dm

which can be solved numerically.
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Near the surface the previous problem of B, and D converging slowly

1 1

arises too. Therefore, utilizing the surface conditions, the expressions for
stresses and displacements are split into two parts. The first part, known as
a LIPSCHITZ-HANKEL integral (paragraph 1.3.4), is solved analytically and the

second part is solved numerically.

2.1.2 Full Slip at the First Two Interfaces and Full Friction at the Third

Interfaces

A difterent procedure must be used to mathematically solve a layered sys-
tem with frictionless conditions at some interfaces. The procedure described
in previous paragraphs cannot be applied here. The boundary conaitions for

the case of tull slip for the four layer systea are:

- At the surface g =p

~ At the first two interfaces g (1)

Tegg = © (2)

1rzi+l =0 3

LA P (4)

- At the third interface ozi = °z1+l

rzi rzi+l
i i+l

i i+l

- At the bottom w=o0

A, or C, = 0 for a rigid bottom
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The systems of equationa at the first two interfaces cannot be expressed in

matrix form because two of the four equations are homogeneous.

Sequential steps in the mathematical analysis are as follows:

Firat Step

Replace in the boundary equations of the third interface, the parameters

Aa and Cb by their values obtained from the rigid bottom condition.

Second Step

Write the boundary equations at the third interface (full friction) in

matrix form

T -1 T

Third Step
Using the surface conditions, express A1 and Bl as a tunction ot Cl and
Dl
(a, Bl)T =M (C, Dl)T
Using conditions (1) and (2) at the first interface replace Al and Bl by their

values and solve the system by expressing Cl and Dl as a function of Az,

B,, C,, D,

T
82 C2 02)

Using condition (4) at the first interface, replace Al' Bl' Cl and Dl by their

T
(c, D)) =M A

values expressed as functions of A Bz, Cz, and Dz. Using conditions (3) and

2.

(4) at the first interface, express Az and Bz as a function of C2 and 02
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T T
(A, B,) = My(C, D,)
Using condition (1) and (2) at the second interface, replace A2 and BZ by

their values and solve the system by expressing C2 and D2 as functions of

A3, 33, C3. DJ.

T T
(C2 DZ) = H3(A3 83 C3 03)
Using condition (4) at the second interface, replace AZ' 32, C2. and D2 by
their values expressed as functions of A3, 83, C3 and DS' Conditions (3) and

(4) at the second interface are reduced to the following system

T T
83 3 D3) = (K o)

where MA is 3 2 x 4 matrix and K a function of the integration variable.

HA(A3 c

Finally,

-1
5

a system which can be solved as in previous paragraph.

T T
M, M '"6(84 D“) = (K o)

The same procedure is also utilized to express all the unknown parameters as

functions of BA and Da.

At this point a supplementary difficulty for the full slip case, regard-
ing the expression of the vertical deflection must be considered. The verti-

cal deflection is given by:

l+u1 - Jo(nr).Jl(nn)

Ei o o

W = pa ft(A B,C,D,) dm

1717174

For m = o,

s M i, e R a [SSR S



Jo(lr).Jl(ll)

lim -
[

Nje

and

0
1im f (A B.C.D,) ==
SO O O S § 0

which result in the above expression for the vertical deflection being unde-~

fined. However, at the rigid bottom w=0 for all values of the integrating

parameter m, , including m=o0. Concequently,

At the bottom fa(A“ BA CA D“) = 0

At the third interface f3(A3 83 C3 03) - fA(AA Ba Ca Da)

At the second interface fz(A2 82 C2 Dz) - f3(A3 83 C3 D3)

and, at the first interface fl(Al 82 C1 Dl) - f2(A2 82 C2 02)

Thus, in general for all layers fi(Ai B1 C1 Di) = o for m = o.

Of course this is not any more true in the case of the last layer being a
semi-infinite body. At the origin of integration (m=0) we then write the
boundary conditions as follows:

g6 =¢ =¢ =9 =9 =1 B, +D_ (1 - 2u) =1

2 z, z, zg 5 5 5

T -1 -1 =1 -1 =0 -B, + 2us D. =0

rz, rz3 rz, tzs 5 5

We obtain '5 = 2u5 and Ds = ]

W sy =y, "V =V
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s0o that wa find the origin term of each deflection by

l#ul I+y
_EI_ [(Al - 'x) - 2(1 - 2“1) (cl - Dl)] - : 1-35 + 2 (1-2u5) Ds]
lvy
5
- - 21 ~ )
5 S

2.2 THE NUMERICAL PROCEDURE

In general, numerical integration can be accomplished using Simpson’s
method of the form:

1 (a,b) = % (fo + 4f + 2f_+ .., + + f

1 2 M-t 2,

where [a,b] is the interval of integration of | (a,b) subdivided in 2n equal

segments of length h.

However, stresses and displacements are obtained by solution ot expressions

such as:

o =pa [0 3 (ar). (ma) f(a) du

where the interval of integration goes until infinfty. The numerical computa-
tion is interrupted when the value of the function f (m,z) (in fact the values
of all the parameter Aiuicioi) becomes smaller than the imposed convergency
level (1.e. fi(-.z) < €). The rate of change of the function, f, (mz), is sig-
nificant for small values of the integrating parameters m and less significant
for high values. A reasonable approach appears to be to increase the incre-

ment of m (1.e., h) for higher values for m. Using this technique, the above

relation can then be written:
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I [o,»] = ;l [fo + bfl + 223 + fal for m ¢ Ll
h2
+ 5 [fa + 4f5 + 2+ 4f, + fsl for L, <m<1L,
h3
+ 3 [f8 + Afg + 2f10 + hfll + f12] for L2 <m

For practical reasons we take

h, = 2h, hy = Zh,,...

In all solutions, except for vertical deflection, fo = U and the integral

becomes:

h
35,
2h

3 iy

I [o,=] -'% [4f + 2f, + 4f, + 2f ] +

3
2h
+ 3 [Af5 + 2fb + 4f7 + 2f8] +

+ 4h 4 2f + 4 2
3 [ f9 + f + 2f

10 11 12l

The main computation routine is

i
] =2h

I (L, L 3

00 Liel [4f + 2f, .+ ... 4f + 2f

i+l i+2 i+2n-1 1+2n]

The length of the integration segment can be modified further with a value of

Zih

T fieon
The initial length h of the integration segment is chosen by the user and

1s multiplied by a factor of 2 when the values of f(mz) become smaller than

-2 -3 _4 _5 -6
10 , 10 , 10 and 10 . The final convergency level is 10 .
.

For the solution of vertical deflection, fo ¢ 0 and is computed in an

appropriate subroutine.

2.3 COMPUTER PROGRAM
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A computer program has been prepared that runs efficiently on a personal

computer. The main steps of the program can be resumed as follows.

2.3.1 Program Input Procedures

- Input of the data (by display or file) for loads and pavement struc-

ture

= Input of the coordinates (by display or file) of the points where

stresses and displacements are to be computed.

- Choice of the length of the integration segment.

2.3.2 Computation Features

- Vertical deflection at the surface and in the first layer, for m =

O.
- Parameters A, B, C. D, for each value of m.

i1 11

- bessel functions for each value of m.

-~ Stresses and displacements in cylindrical coordinates for each value

of m.

- Stresses and displacements in cartesian coordinates for each value

of m.

= Vectors containing the results using Simpson”s rule.

- Convergency test for each ka function.

i___,“,h_mHHMum“»m_ N oM. 2 . 0 a
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- When the final convergency of the numerical part is reached, compu-
tation of the analytical part of the solution for the surface and

the first layer must be added (LIPSCHITZ-HANKEL Integrals).

2.3.3 Output Procedures

- stresses 0g_o_o0_T__ T, T
Xy z Xy Xz Yyz

displacements u v w
X y z

- principal stresses ol 9, 94

principal strains € €, €5

linear strains € € ¢
X'y z

2.3.4 Capabilities of the Program

The number of circular loads, with different radii and contact pressures,
is limited to 20 and stresses and displacements can be computed at 30 loca-
tions in the horizontal plane and at each place at 30 depths (included 8

values at the surface and interfaces).

2.3.5 Software and Hardware Requirements

The program is written in FORTRAN 77 and runs on IBM PC°s equipped with a
8087 Math Comprocessor and compatible equipment. Thé executable version

requires 200 kilobytes of memory.
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APPENDIX 1

ALGEBRAICAL ANALYSIS OF ISOTROPIC LAYERED SYSTEMS WITH FIXED BOTTOM
AND PARTIAL FRICTION CONDITIONS AT THE INTERFACES

SYMBOLS
We write
F A= A;m‘ Pi= Sim" Ci-= Cimn Di= Dim
Fu= Slor Fu = A Erlovkd
EI(AH' }NI-) E—; (4"“"“)
Kw = Ea (a+p3) Kw = Az Ez(*'*}*b)
LW = E)("'}}"k! Lb. - A‘b E3£A+}~b)
Ea (1+ 1) E4(aspr2)
X= M“|

),_W,CH-,-’-H:.)
Z
¥

[}

m (W, + Hat Hy)

n

M(H;'F H2+H3 ¥ HA)

where His Hy, H3, Hy are the thicknesses of the successive layers.
The index 1 applies to the surface layer.

We shall successively analyse a two layered, a three layered and
a four layered structure,




Al.2

Chapter 1. The two layered structure.

1. The boundary conditions.

Boundary conditions at the surface (z = 0):

0e: A+ D -C, (4-2)+ D, (1-2p)= 2
Tg: A - B, +C . 2p + D2 =0
Boundary conditions at the interface (z = Hl):
020 A+ BEX.C, (A Zu-r)e® » D, (A-2m+2)C =
Are”» DL, (A-2pma~x)R% 4 D.[4- Z).-,_*x)e,—*
Crz: A -B&* v C.(2prx)e™ + D, (th")‘-x <
Ape® - D™ ¢ Co (2pant X)X + D2 (7-)“"")':*
wi A= BET g (2-Apmrt ID (@A tn)
FWX_M"" B - C‘z(z-Ay;—ﬂ)ex-Dz(‘l-Aw.ﬂ‘){x]

w: A B,{‘ > C.(»n-x)g"- D.(A-x)e"e
fu ‘An‘ + DT (,H-x)e," - D (A—x)e:r]
Boundary conditions at the bottom (z = Hl + ”2)=

w - Az&y— D;{Y— Czcz-Ayc-y)ey- D2 [2.—41-.-._*‘/)2-_7‘“

f Cl‘ (-]
2. Resolution of the system of 6 boundary equations.

q We write the conditions at the interface in matrixform
N4 (A‘ B.Cl D:)T= ”‘L (prZ)T

and invert matrix Ml

(A, 2,€.D)7= MM, (B202)7

after having replaced A2 by its value at the bottom

{2y~ -2y~
Q.(\’ ")+ DICZ'A\"')-*\/) Q[-Y )

Al‘* =




A1l.3
{ =(arx)  AQR-bpiex) o (2px) =(4-2pa.-x)
Mae Ao ) ) )
Ala-p) I -\ ' -
\ o o o e }
’ o [y © (=]
A ) -(1- %) [1_4‘,‘”) (L‘..-x) - (*Zynx)
4("_)“) ° 9 Q ©
| - - ‘ !
’ | Q-Apary) ‘ { \ (_4-7-\":.*'7'\ ‘
. " |- (2p2-9
M sl G v e
Fw  Fw(2- A}nzﬂ) -fw -Tw ("-I‘V"-*’)
e Tt Fu RGO

(A2Co) = - A T n, v Ma][ My, v &M (5, Do)

4(a-p)
R e-z"?"ym P XM n2z + ;2(’4)” n2 + ”n.u](gz D)
Aa-p)
. NN s o
Myna=|° ° Muzz = | ° ° Mz = : :
ro+
L. . .o




A4
° ° ° o °
Mans[ " ™ | [ &N 1o 5
° )y ° ° " ) o )
Py B o -7 o .
’b 1
By P
= 1) °
F&t FAz

Far-dt4p, ~F= 2, (Fw-FR)

Faz c4-2h » 4T e - Rie

Fas Fy-Ta

Fa e cArCpe-Bppe-4pFw 4 2y P 4 Rl 9 T

A -
e {,Iez‘ My, () e M)\zz("W] B.

¥ LC—L' ”“z|(\c1) * él. M"gl(hz)) Dl}

-4 ~2(y-») -
- {[e (\""nm("‘) + anz ("‘)J Bl‘-&

+ [E*’.’)M“m(hz) + M N2 (_‘-z) J Dz;-}s

- A -‘L ‘ZX
= - R, D R, Dae
Aa-p) L R Bac™ 4 Rn ]



Al.S

et { Lo T e,
‘1(4-'A\)
[0, pa) o, S
= ‘.(A.’“) { Lﬂz\ + T‘m_) B, + I_R:.!- + P’—") Dt}
-x)
Crz e ) T M ) 27, M (30)) o
Ty L@ e 00
+ [M”h ()'z);Z(y—X) + Myaa (b'L)) Dzim )
= - L Ry Bad ™4 Ry, Dok J
4\4—%)
D\ - A W\ -1(\’-”) F D
4 (4- ) “—H‘”‘(")‘ * “’J 2

=~ 2y =¥
* )-Mn.‘).\ (1'»7-)'- b }+ Flﬂ-] Dtﬁ

2 - ;—(A:’—r—‘s } [RA\ + FA'] b, + [nlz"r_‘z)b7s
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We write the boundary conditions at the surface in matrix form

Mo (A .6 0)Te (a4 o) 7T

| | ~ (A~ 2p.) (2 2pav)
M, =
' -1 Z)M 2}‘\'
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Ane Rad™ . Raa = (4-2) R ™ o (A-2~1) Raz
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Ans Ra® - Ru v 2 Rad® 2y, Ray

FF, = Ty + (a-240) Fay
$Fn » T2z & (a-2) Fa2
Ffa = -Fay + 0 Fay

| P22 = =Taa » A Fan

We develop the matrix equation

(An +FF0) B, + (An »F12) D2 e - Afacy)
(Az|+ FFz\) B2 + (A‘z1.+ F?n.) b PRI

and solve the system

bz: -4 (A-Pu) bz + FF:_Q_
‘ v
‘bq_ e 4 (4- }M) Az‘ * FF:‘
v

Va A (Au » F?u) - A)I(Az\ + FF) aFFw A2

~FFa Az 5 PR, FPa2 - FFa. FFa,
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We develop FF11.FF22 - FF12.FF21

‘P)..Fru - FPn.. FF,_\ - F\F; r ?)Fﬂ

Al the other members of the denominator contain negative exponents.

The 1imit value of the denominator, for m = o¢ , is equal to a constant
F1.F2 + F3.F4

3. Relations for the parameters.

The values of the parameters A1 and C1 are deduced from the matrix
equation

(A b, € 2T o[ MR+ MF) (3, Da)T

A (4~ 'N)

(A' e C o)T:- 4 MR (’51_1)1)1-
s

A Ry (A22+ FF22)€X _ Ry (A2t 4 FR21)&
‘-

Aok s Ru (A22 3 FR22) e - Rn (Al\ ¥ FF21) Pte

- 2«
Ra (A22 4+ FP22)C P = Rz (A2) » FF2))e

v
Ca¥a Pai(A22+ fr22)e™ < 32 (A2) + FR21) &
' >

v

C|=

The values of the parameters 8, and D, are deduced from the surface
conditions

B,= 2]y 1+ (4-4Ap) A, + ARG (2-20)
D, = A- 2A, + C (1-4p.)

bgf:xz - 4[4~}#|) Aaz + FFa2 Q:X

|

f‘D“_-Y - -—A(d-yu) A » PFMO.-"
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Chapter 2. The three layered structure.

1. Supplementary boundary conditions.

Boundary conditions at the second interface (z = Hy + Hy):
G: A+ D7 -0C, (A-2p2-Y)e” + Da(A-2pary)a Ve
MeY = By - Oy (4-2ps-y)eY + Dy(4-2psay)CY
Tre: Al - BeY Cr(2pary)e? + D, (2pa-y)eTs
Ayel - Bre? 4 Cy(2pr*y)e) + D (ler)'—\y
W Ae?_ B, -Ca(2-4pa~y)eY - D2 (2-4pa+y) e
Kwy [A;e\’- D) -y (2-4p sy)el - D, (2-4)p3? V):')
n A+ BT 2 G (iry)eY - Do (a-y)e Y-
W [A37 ¢ Bae 4 Cu(1ay)e? - Da(‘-‘?)‘q:\

Boundary conditions at the bottom (z = Hy + Hy + Hg):
- ﬁ e
W Agt"“- %btz— Cy (2-4ps-2)e 4 :D;(Z-A}Ag#-k)n.z:-e

C3=°

2. Resolution of the system of 10 boundary equations.

We write the conditions at the second interface in matrix form

My (A2 By Ca 02)Te My (B 92)T

and invert matrix M3

(Aa. D, Ca Dz)Ta M;'\Ml, (5; D;)T

after having replaced Ay by its value at the bottom

{22~ - -
Abtyt b,\.( X 7) . Db (2-4“, *2) QU'& Y)
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We write the boundary conditions at the first interface in matrix form
' M(A ®,C, D2 )T My (A D, C22)7
and invert matrix M1

(A, C, D )T = M My (A B2 Ca P2) "V
ML §s given in § 1.2

M - 2 M, & Mg
4 (a-p+)
\ ° -(4-2.}.,-7‘) o
M= & | ° (2pasx) °
Fw o _Fw[2-4p-?) o
Fu ° Pl rex) o

°© ° CA-Zper )

I -1 ° (2p2-%)
+ e

° -Fw ° -Fv;[l-ﬁytﬂ)
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A(4-’n)
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Lft\ At anz(a.z)r. B + Ty + ”nu[).k) Y Dz]
10 4 r\
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We write the boundary conditions at the surface in matrix form

Me(Albacl’l)Tz (4 QXT

Mo MR+ MFI[ME s kY[ 8y B)Ts (1la-h)lep) o)?
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MR.M@® + MRMk + MFMO-= L o = MD
bb\ b;z
| B, Y |

Bus Lﬂn.(Q;, rka) + Ry (Q4, "'k“)] éu + (QuFy + F\?Qm)iu’
Du-= l?m(‘bni—kn) v Na (Qar + km-):)n:h + (R + Py ht)&.z’
b2z [“2\. Qy + %zy.“b}) izhd) * ‘-’"" @2 * Fu"ol".)

%222 ):_Pm- O » V&zb.dgz)iz(y-x) N )_ﬁz. &2 » P Mz)
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by2
”4\
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9 0
MEMK=| T T | ek
0 Q
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Ap= By * Pu - (4-201) B30 (4- ) P4y
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A2 ) Bar > Ya Y4,
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FFy FFa
MFE

)]

! Mo. MFk =
/ FF)_\ FFzz

FFy = Fiay + (4-2p0) Fiy,

! PF\‘L = F\(')g_ 3 (A‘Z}&\) FkAz
f FFay = = Fkay 2, Fleay
| FF;_}_ = —_— F\(z_‘)_ *~ 2—\~. ‘:khz

(MA + MPRY( 9y D3)T = (M(ap)(apy )T

We develop the matrix equation
(Ana+ PPn)®y + (A2 +FF2) Dys  AC (4=p) (4-he)
(A2 + FF21) By + (A22 +FF22) D23 = o

and solve the system

Bbe A((/‘—P\)(4_kl) Arr » FF22
v

Yw: - 4((_4—}“)(4_}*1) A2y & FR2
\Y

V= A, (A22» ‘FFn_) - A2 (Au + FF2) 3 FRUL.AR

—FF12.A2DY 3+ FEN.FFRL2 - FRI12. FF2)

FEN. FR22_F&)2.FF2) - (W %a+ kaka)( RF v B F2)
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3. Relations for the parameters.
These relations are deduced from the different matrix equations
AZ'-\'=— Qn ’9)'- ¥ Qn »39-
o L )
) WL [ (Qu+ ka) 5™ + (Q2z » k22) Dae"‘J
Ata—m)
C)_'. = IQ)\ b;e,\/ . Q))_ D;Q-.V:)
4(4—)*1.)
t-* s - L(Q[,l > k) 9.330- + (Qaz» kar) Dae J
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\’)
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Chapter 3. The four layered structure.

1. Supplementary boundary conditions.

Boundary conditions at the third interface (z = H1 + H2 + H3)
€: Abez ¥ 33;-‘ - Cb (4-2*.,-1) ez + D3(4—2.).; *2) <k
Aae* + Ba €% Ca(a-dpa-2) & + D (4-2uav2) 7
Tex: A'g'.t- ’b}iz r c;tl’g v&)e" + Da(l,l\-;—t) t.ze
Ane® - By o C,,(_:.y.z.-»z)e." + D [2|.u.-"-) e
w: Agez— B;{z -Cy ('1-4},,3-{)9} - D> Qwéy.'u-'k) c*s
L] Ake® Bii ™o 0y (L Apue)e= Ds (24 puar) €7 )
W AneRd By ® s Cy(asn)e® - Dy(1-2)e %=
bw [A;,e" v Bue? v Cu(aez)e® - Dy U-ﬁ)iz]
Boundary conditions at the bottom (z = H1 + H2 + H3 + H4)
wi Ane - Dat-Cu(2-Aps -F)ef -D&(2~4¥A*¥Q€¥=°
Cszo

2. Resolution of the system of 14 boundary equations.

We write the conditions at the third interface in matrix form
Mg (Aa Py © D3)T o Mg (By Di)7

and invert matrix M5
(A5 By, D5)T= Mz M (s 2)7

after having replaced A, by its value at the bottom

-(2F-2) NI
AAG-Q': 542( * ¥ D4(2-4}«4+i~)e(1}_‘)
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wWe write the boundary conditions at the second interface in matrix form

My (ALD2CaDd2)Ta Ma (Ay P C» %) T

and i?/ert matrix M3

(Aa%:Ca D2)Te My .My (A3 BpCa 020

w3l s given in § 2.2
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FkLI\ FkLll

FxLy = FFi2. Kl + FF4. kla)

Flliy = Thiklaz + R klan

Fwlq, = FBap. Wby + FFagy.Wla
y FPu. k4.

Fk\-.zz, s FF‘LL- kLz.l

cu  Cn Pl WL'Zﬂ ( B4 - G4 A (k) (- )
+ =
[( =Y c*"\ (?“‘\-u Fhkla D¢ o
We develop the matrix equation

(Cn + FkL“B Py = (C\l + F‘an_} Dy =~ - 84 1,1_}“)[4-)»\) (4—);-;)

(car v Freban) Ba v (caa® fkl22) D4 = o

Ca2 *+ FkL11

Ba - () (k) (h) =

Cu 4 Flelu
DA = b4 (.4—)“) (_'\- )-1) [_4- )a5> o : ‘; —
N
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V= Cn (Ctz * FkLN—) - C2y (Cn. ¥ FkL!'L)

+ Fkly.c22 - Fklg.ciz Fl(L,,.'FkL-u - 'Fl\‘l.zn.m"\—)z..

One verifies that the product
FiLy. Filay - Tkl Ficlias

(Wka » Walea) (Lily 3 Lala) (BT ?ﬁa)

is a constant.

3. Relations for the parameters.

These relations are deduced from the different matrix equations

z & - ) o 4
Aae,:-;i-:-':;). ‘_9\\ A e Pa. DAQJ
B’€H= -A 4-)“) 5_(_?;_, +—L1|) ?JA (Pu_ ¥ Lu,) D, 5\1_]
Z_ P NS
Cae™=- A(—\—}ﬂ) E n. Bie* 4 Pyo.Dse J
Daej\‘: - -—:'—-——- ;(VAI "'Llolj BA& + (pAz FLAZ} DAQ\\’}
A(A-}d)
-\z Y)
Al = = A-}M. [-k\)(Atl #Ou(sn) r ¥y [C).)‘ '_ d)h( D"-vi]
%<7 (MO v (3,) * oy (0557 e (007)]
4(4-\»
Czc.’ . - L“’ “’3 ) r Qh(h{’) + kys (c“t) ) ) Qay (D"‘y?]
1‘[4 \At)
) T PR Lm. (M) '(‘ )q- var (Bse’) + Qay (Cgu.‘)t )\ Ky U’n'))
(4 pe)
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The computation of the parameters B.,e * and Dze'x needs that of the
intermediate parameters A3e2'y, ng, C3e2y and D3e'x:

A'ﬂ T — L Pu Dy Cztz-y) y P el(z-y))

A[A- %)
wie s o T La) Bae™ o (P ban)Das”]
4[4-}&4
Cye Pa) Bar 2=, P2 D4 Zz(z-v)_’)
L(a-pa)
Dye™ = - A L( Par + Lan) BaC” + (Paz+ Lan)Da €x}
A[A—ks)
Do = -4(4 PL)IQN (Me e+ a (832%) +Qys (€23") ™ 4 Kaa D,c_)
S kay (B Qa3 [C32)e™ + dewy D"
D = 4(4'}“) L@a.(A;e J&* « Wiy (BsE7) + Qas (03 vy J
A,c’: - [ Fa (Au‘l)e ~(4- )4- R ,_(BLC’) + s (Czo?)c. Zly~) + ﬂ\v p:.ed)]
4(4- l)
L= - A Fs\(kt'-) -l )+ Raa( Bat ) + F»(Cl-'-y) -(V-x) Raz(92¢ )_]
(4-'»\)

<22+ Tlela, c*

B4Q:2= - G4 (4*%\)(4-';\1.)(4-%3) _—-6_—

Dac™ s G4 (A-pr) (4-bw) 2 “VF"L“ o2
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4, Determination of the stresses and the displacements.

The program calculates the stresses and the displacements using following
relations:

1 -ma

0
lz= P ‘ 3QCMF)- T,(mv) {A;m"‘ewa‘r Pime

- C.‘m(»«—lya—wa)c”"ar 3»“’”(""2%"""”‘)':”1}5&

I

? 1 -2
Ve To - VLB Jo (Mf) 9 (‘“l} S_A’\Vhiehz-»— Bime ™
2 A

— 2

~°C“n-U+A)~'.+w2)e"‘"~_ Im (A+A)-,_w1)¢ )&»
A . .

e - T ) 3o [ AT B »

—m

+ C;vn(/\-rwz)e_”z- Dim (A—)n!)e ) oo
+Po.[' &(Mf).y,[_h\) \A',Mie.wz N Bs”‘lc—nz
™ o

% Diw [4-»\’:.)9, ) ol

» Cym (42 m) "

& 1 i o
Crpe-pe 13,000 3, At e™S B

W
T aOm (2R +wx): y Dim 2):.-M§e J oAm

’ AT 3. T wmZ oA -mZ
we +"i}-‘-‘.pu} ‘)“("'r.______)‘ J(m) \A\we’“ - Bime
E: » e "
z_ DgW(’\"AY"“"" e )

™
Cw (_9.-11};,—)»1) e
= -M'E;')’v“ Bd —5__-———-——-"["”)'5-'["”) thw’“ewza- B'm}éwz
E, ™

b )
+C‘\W(A¥M7~)J’\z-’ 'Di"“("'”’"}e’ ] h
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Stresses and displacements are calculated in a system of cylindrical

coordinates. The stresses due to several loads are to be added together.
Therefore we must express them in cartesian coordinates using following
relations:

-2 Tr+ iy Tr-Tp
Tx = 0}.06)201 4+ Tg.tmat = i B

Y wr L
Oy = T mtw x Oy el = TV T2
Ty = T

Tyx = Trz. o

Txqg = Trz.NAX

Txy = (Tr-To) ena- hax = rﬁ;zl-.h«'nlx

Yy = Wy, mux
YW = w

wherein the signification of the angle & is illustrated below.

Load

(/ /
Tx . ./_‘y_x___
< 3
0y
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4.2. Stresses_and_displacements at_the_surface_(z_=_0)

-T2= b (<)

= b (r==)

= O (\")o»)

o)

- Ot 'Bl‘-) J (mr). T, (mh)[-A,*-b,‘r (MAy.)C, - {4-}4}«\)1’.:] L1

2 2

- r;;.)ﬂso(w) T, m0) |- (92 +4 ) B> O o)) e

o P[5, (n) (21 ) e

sy oo )| Ttwe) ) 20 » 2 (] o

with . @-}2}*‘)% ( g u)
h‘?, (A+2)~\) 3 Teo (mr). J, (m k) Avn = { e,’z’h‘) %’_ Lr: A)
' ) o (ry2)
§¢- 1 o 4 R A _p, o
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A w
- b (A—%JS Jo )3, (e
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T, )T, ()
- A:_E_L (a- ) -hor L 0 rm e
) G IR S“I.Lw).r. (wo) \(@,é) v e (C ] b
E, "
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X Lf(a.)
T m) Tieed) )P
™ o (ryo0)

4.3. Stresses_and displacements_in_the first_layer ( 0<hg Hy )

"
S RCORACTS LA\@““ W

2, (A-2r.+'m)~)a-ml‘] Ain

mh
~ fye Por L_ C, (,"’2}‘-"‘”)0*'

- -WL 4 _m)\
= PmJ :)'Qcmr).:y,(Mb)e P RV &\puxm[mr) 3,(\“0;)).4)\2.
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+VS‘LcMr\-3\ o) [ B) 5T @) B
° —(xrah)
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L]
o mr o -wh %
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Tyq = Pn] I,(_mr) I'(M“)Ml\;‘“km

—?“) L 0wv). T, (m) I“.e) g leewb + ([C.&)(2prmh) {[X‘ML)
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e ) (-2 ba j T.(_\ur).]‘,(_m.)e_h\,‘m
E, A "
A
- (.A_it‘)_ Y,)o; ) J| (MF) 3,(“\\). MLQ:‘“LM
E, i Y—
? ' " o -Lx-web) _lx-mh
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The relations for the stresses and displacements are given in paragraph 4.1.

The terms Aimzemz. Bimze"mz, Cime"'z and Dime'mz are to be replaced

In the second layer (H1<h(H1 + H2) by
" ey - (wh- Lymk) oy - o)
(A,c}'). eb- " (Bae \e(mk ) (C;J)z y-+>) D, e o

In the third layer (H1 + H2 Lh Hl + Hg + H3) by )
~(2-mh _ - —(2-wmh) - -(_ML-Y
(A;t’). Q'(z wh) (b’e_y)c(_w\\ Y) (Ca;})% ( @)cv) <

In the fourth layer (H, + H, + Hy <h £ Hy + Hy + Hy + H,) by

«qy -(wh-2)
BAJM»\ —_— L%At'z)-Q.( *

zy = Ovh-)
D‘.{\“L - (D‘.‘l)_e

AAQM\E {Aath) thMm
_ (me’)e'”"? é(hw\\.)

2\ - LF-2) ~(F-mb)
v (-Apar ) (_'Dz,zz).o. ( 1). R







APPENDIX 2

ALGEBRAICAL ANALYSIS OF ISOTROPIC LAYERED SYSTEMS WITH FIXED BOTTOM
AND FULL SLIP CONDITIONS AT THE TWO FIRST INTERFACES

SYMBOLS
We write
A| = Aihﬂt ‘b\'- B,‘*t Ci = Cim D= Dine
F‘I E, LAQtt)
Ea(arp)
K, = Eg(ﬂ’ki)
E)(aur;)
L, « Ea(aps)
El.(a\l-rt)
A & WA “,

\/u\m(“\*"l)
2 2 w (W, v Ha ¥ W)

| M(H-*”"H’*HA)

where Hl’ "2’ H3. H4 are the thicknesses of the successive layers.
The index 1 applies to the surface layer.

We shall successively analyse a two layered, a three layered and
a four layered structure. '
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A 2.2

Chapter 1. The two layered structure.

1. The boundary conditions.

Boundary conditions at the surface (z = 0):

Oa: A .+D, =C(4- ) + D, (4a-p)= 4
Tiz: A, -M +CT 2. + D2, 20

Boundary conditions at the interface (z = Hl):
r’..' A\Q-‘ + b.;‘ - C‘(A-l’—.").-‘ + Du (A-l}«.’-l) t‘xz
Al.'l* bt:! .Ca (4-1}-:"’)'-‘ + Y. (A—l'\;sl) .:l
Tra: Ae* = D% o C, (2pta)e™ v D (2p.=x) e s o
Azn." - Dt . 01(2).1.’-:)..' + D\.LZ)\;"')&-,:O
w: AJ -bec-C, (2-4*,-:3&" -0, (2-Apr x) Palig
F| IA'L‘-! - blcx - C; Cl"r)")l.' - D) (2-‘)-1 ’!) .-.’]
Boundary conditions at the bottom (z = Hy + Hy):
W Atgy— bz:y - Cz (1- ‘r& -\]) Y - 9\(1-"‘;*‘1)&-‘/:0

Cz:‘

2. Resolution of the system of 6 boundary equations.

Adding and substracting the surface conditions we obtain

2A s A4 C (4-4p) -,
2D =« 4+ C, - ),(4-4)..)

Adding and substracting the first two conditions at the interface,
we obtain

LAY . C, (-4, - W)™ &+ DT [AD)
2B - Ce* o D, (4-Ap: + 2x)a e [Az]
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where

lhi.)-; A ¢ Pt -C;(A-Z.y;-w)q.' + D (+-2pnex) o

and, taken in account the bottom conditions,

D)« Casd®™) 30" 4 [(a2par) o o) 2]

We replace A1 and B1 by their values in function of C1 and D1 and
solve the system

-dx -3 -3
A -\e ' - A4+ dx +
C\-‘= [ 13[(1’ ) * } (a+ )" ¢

2(as 2:*){“-.‘4"- A

9.* [Az] L(A*ll)c."- Eh ! + (4—2:);”- e
1Y e
1(4’211)‘:1:_‘4"

We combine the Teg - Condition with the w-condition so that

21(4-p ) C, " 2(4-p) D& - B 2(4-p) Dyt
and with

Fo= F, %E_E‘?T. Ce D, <7 = ?;.Dte"

We replace Cl and D1 by their values in function of 82 and D2

[A1)[4+ hrgt_ C‘"'J - 2(avx)” 4 2 («-x)i”

= ’l' DL':,
2(ar2:) oW _ ~hw

We take the Trg -condition and solve the system

- ~2{y-v -2ly-n)
Bﬂ-’l" *'—1(’ )) v D;C'[ (4-2p 1 rx - R3) + (2-4pary)e ™ )" .3

btc’liu"').q) s W] (2pa-0d s (2~4y.ny)€u"")) zo



where

Re 44 4xe®. 4"

Raz 2(a-m)ad"a(asm) &
V‘-. 2( 4% 9,0) ~W_ g4,
ﬂ’s f,. —v-’—

(1-dpary) a7 4 (2pamn)

p,e”=- L

¥
.:7 “l .:l(‘f —')- \
1 L) —
R, v,
- -x)
Vl-‘-‘- (b-‘y;*zy-lr 4 ﬂ;),_lh x v A= Ry

3. Relations for the parameters.

C.e" l“"]L(l"*‘)ib H} - (A+ 220)¢> L <3
v
2 " LAY [(av2x) ¥ &%) » (a-22) 2. &7
= = Jd
v,

A = J’: iLAﬂ v (-4 .- 1:)(:‘;* - D,i'}

D= a- :’M.J)C" N (4-4}«--)(&;"){'

-X
:)._

Doa 2), ¢ (2- 44 ) (A + Api(2-p) (Ce

A 2.4
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Chapter 2. The three layered structure.

1. Supplementary boundary conditions.

Boundary conditions at the second interface (z = H. + Hz):
G: A v By L0 (4-3aey)e’ + Da(a-Zary )<
Aae? v B Y C;(.'-z)..-y}e’ s Dy(a-2psry)e’
Trz: MY - BV o C, C‘qu*y)g" + Dz(2rt~7)¢77=°
AaeY - BT 4 L3 0pyey)eY & Dp(2paey) Y=o
we A BVl (G, (2-Apawy)e? = Da(2-4paty)C s
X, [A,J- balY - Cy (2-4py-v)eY - D;(n-AHH)i’]

Boundary conditions at the bottom (z = Hy + Hy + Hj):
- -2
wi A BT L Cy (2-4ps-B)e” - D3(2-Lpy+2)€ o

Ca:Q

2. Resolution of the system of 10 boundary equations.

Adding and substracting the surface conditions, we obtain

ZA,: 14 C, (4~Ar~-) - D,
29, = 1 4 C, =D, (1-4p)

We add the first two conditions at the first interface

2A - C, (A-4p. - 2x)e™ 4 D7z [Ad)
Zb.e-x - Ce* 4 ), (4—4}..*2:{)(’ > lA:)

where

‘_AZJa Ay Bad”- G (4'2'*&")“ A 33(.4_2""“‘){‘
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We replace A; and Bl by their values in function of €, and D, and
solve the system

[Az“_(zx_‘);z",,,,:] - (4+2) v e

2[4#2):‘)63‘- & _

%

E 3
Co'=

b ey

P (R I (4-2x )¢ 5. &F
e =

2(ar 2y X -4 |

We combine the 'trz-conditions with the w-condition so that

20-p)C + 2(a-p) D,8% = T [_z(4-}~z) Cie* » 2(4-}«L)D;€"}

and with
A-RA1)
3 Fz: .F| (_—L
p (4*}&\)
C,* s D2 Y,_[C,,o.‘ ¥ 3’15’]
We replace C1 and D1 by their values in function of A2, BZ’ C2 and 02

[Az]lan. 4,@"‘-{“"] —2(4+x)E 4 z(A-x)ia“

2048 2xD) &L A

= T IC:Q" > Dze-x)

Together with the 1.rz-condition, we obtain then the system

T YL Ca (2pa ri)e” 4 DzLqu_~x)Cx= °

Re™ + 57 . ¢, (A= 2pr=x ¥ R o )z(A—lr;H-?s){x, -}

R,
where

Ri= A3 A ® ¢

! R2 = ‘Z[A-x)-{bx~1(4+x)c-x
Y, - 1(/\+2x")e'2"-€“x_ )

R = Fa.V,
R,




W T
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We so¥e the system for A2 and 82

2A,s - Bﬁz..:“ v Ca(A-dpa-2x + R) - Dy (a-Ry)c ¥

1

2Dy - Br e+ 0 (ar RPN - D, (A-4pardx- Ra)
We add and substract the first two conditions at the second interface
2A - Cy(a-Apa-2y)e” » Dpa7= [ 4A3)
237 - Can? 4 Dp(4-4dpat2y) = [ A2)
where
[A3) = Ao BV o Cy (- 2p-)e & Dy [a-pary)e”

and, taken in account the bottom conditions,
Cale- _ -2[z-y) .
[Ab} < [4 3 ezu y‘)J ba.cy » 1 [4-2}\9*") > (2~4pst2)e _J Dse”

We replace A2 and 82 by their values in function of C2 and D2 and
solve the system

~2{y-%) -y~ -3(y-x)
oy INICy-20 Ko 0 ST (i p)) & R Jlary2n)V TS0
2 =

-2y~ ~2(y=x) - -x
214-»2(7-!)‘ el(‘) X)*Ah(\,—x)ezh § - [M—%g)el'(\, )- (4—%3)

x)

=2y~ ~Aly-~x) Y
o7 110 2y-20 v ()2 MR RS 2320 )

1["*1(‘[")’:);20-” + ARy (Y*)Ezly-x) ~ (a4 ﬁa):‘ﬂ\"*) - |- Rs)

Y

We combine the'trz-conditions with the w-conditions so that

2(b) G 2 e pt) BT 6 J2 (arhn) Do)
and with

X,a K, (2-h9
(A-)At)

Cz"’ +> Dlt.y = kl ‘Db;




r-—-v——vv‘*"‘f*""—-‘**"V“W*' - - —TT T YT T - Tw Ty - - -

-

A 2.8

We replace C, and D, by their values in function of B, and D
2 2 3 3

[As][z(zy-znmi *[4 R3) - (a4 Pa)e Aty "’] szA-}\/-x)g 2 [a-ys)e

2[4* 2(\, r}) Z[y-x)’.‘“‘, (\,-r) -Z(w' - (4+R ) 4 [y—x) (- R:,)

= k2 Da<Y

Together with the Trz-condition, we obtain then the system

B,: [-1(2-#_4] N ya._\'[(z Ar;w&)z = + (z}nrr)-] ca

By l,:zl )“‘) v 95| (2-pes v2)t Y, (A-2pssv) ~83] o -

where

- ~4{y=x)
Q‘z 2 (2\/-2:‘? “z)tlt\' g ¥ (a-Ry) - (1« R»)e H

N = 2‘.%': X(/H-y—X)c_l\’ X)- (A~ y+x)e5(\' ’)]

Y, 2 [4*1(7-*3135,2( -, b(y_’)-:.{y -)

“b’ k':..V?.
g,

We solve the system

A T (2-dpsr2) 207 5 (2p0p)

0\ v)
~2(2~y)
%o Y. 0. ) e (27 -
KX A
-2(1 -y)
La 4py + 22 - 2y » Q, aa -0,

>

z

[}

(4+ R )-Ah-,) (4- g))
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3. Relations for the parameters.

We have
Cod = [A2)L(2y-2x » h-');uy'xl (2-R5)) + %1(4.2y—2:)€l"").;slw-x )J
Va
ot LA 2y RO (a0, M e 120 2890)
V2

so that
?z{’ = 32(..7. Q_(\’-x)
~(y-x) -3{y-» -
AL 2y-2x s BX L (k)Y B2 | a2y 2020

\A

We have

28,0 - €y (1-4pe-2y) Y > Dad7 - {Aa)

so that
A= L { [ A3] + Ca(4-Apa-2y)” - D™ e‘v-*”J
We have

sze - BR_"‘.Q," + Ca2 (A.*— R));zx— 01(4-4)'\1*)-2!-“5)
so that

- 2 -{y-x) -
Pae -%L-‘_-T“- 3 Cad? (44 R3)e ’ -3zex(4-4)«1+2x~R3)J

We have
Ce'e U‘]-Y__EX-')CL' w_') - (Ae20)e + <>
V,
3é* - LA [ (as20€% - €4 y (=200 €27
s

Z-A.L,‘- L (A-A‘h,-‘z.x)e" o\ D,{’: ]_Az]
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so that
Ae L {LAz) + C & (A-dy,-2¢) -m\c“)
Using the surface conditions, we have finally
D= 2, + A (a-4p) oy G Apy (4- o)

D= 4- 2A8 & & O (A- Ap) 7%

BRI U . WS W S S
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Chapter 3. The four layered structure.

1. Supplementary boundary conditions.

Boundary conditions at the third interface (z = H1 + H2 + H3):

G A v By€® - Gy (a-2y-2)e 4 0 (A-2pr2) &%
Aue® » Dae™ - G (A- 22 -%) e® + Du[a-Yuy +%) e

Trz: Ay - Bye™ 4 Gy (2pat2)e® & Do (Yy-2) €%
A - Duc® » Ca (2} +2) & LDy, (2ps -2 &2

w:  Aye® Ba?_ Cy(2-Apr-2) & oDy, (2-Apya ) e

L ‘.A:.e’“— B e’ - Cu(2-Aps-2)e® = Vs (2-A|u.*"~)c'ﬂ

Aye® v+ Bys™ » Cy (_4+a.)¢." ~ 9y (1-2) ¢c*a

L ‘_AAGQ vBae ™ & Cy (a+2) e - Ds (4-%) e"‘)

Boundary conditions at the bottom (z = H1 + H? + H3 + H4):

w=o
Aser = by e, (2.-Ar.‘.-l-\e\' - Di(2-4pa ’-")Q—*":e

QA:Q
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2. Resolution of the system of 16 equations.

In the equations of the conditions at the third interface, A4 is
replaced by its value taken from the fixed bottom condition:

- -Y
Aie'a DicT s Da(2-4parP) <
We write the conditions at the third interface in matrixform

Ms(A5DsCs05) T M¢ (B4 Da)T
We invert MS

(AsDsC595)7= M3 Mo (B 24)7

where
=(1472)  -2-AR3-1)  (2pai2)  -(\-2p5-2)
SPE T
A4~ 1) ' -1 ' -1
(o] [ Q o
; A . ;7. =(=2)  (2-Aper2)  (Zmet) -2y 2)
A('A’k’b) o Q L~ 1=}
-1 -1 ' '
1 (2 Apatt) ) (A2 44 %)
W R 2-Apar ) ) -1 (2pw-2)
Mc . e'\\ L ’\A" N &oz
L L(2-4putt) L -L(2-dpar )
L (2 1-).;.{-0 L -L (A—R)

(Pa®scs D)= - 3(71»_)_ o™ Ms,LZ‘.mz]le‘?nc,+.:’.m,J(s,.vS
o o)

- -2(r
- ziﬂ:' Msia +0.sz5,52 *‘2( :-)Mszu

A(A-p>) -
+Msze2 |- (D4 D4)
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3
M M= |° ° =
. . = Mmen
° 1~
ES 3
Mg, Me2=(° ° | = Msiea
+ o+
[+ Q
5
M‘SL“G\ s + + e ”Fl‘!
o o
| + ¥
o © ° °
MM = [ 2 b2 voz(L-k) [ S Ms262
&« o © © )
l o L, ° °

L,a -2(A-2ps) - (’”L)
Law - 2L (4-2pa) - (4+1)

Lys 3 [Lila-4ra) - ba (4413
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We consider now the boundary conditions at the surface.
Adding and substracting the surface conditions, we obtain

2A,= a4+ C, (A-A'A:) -),
2p,= 4+ C, =D (4-4 )

Adding and substracting then the first two conditions at the first
interface, we obtain

2A, -~ C, (4-4};. -21) ¥ + D, S_AZJ
Zb.!:x -Cie® 4+ D, (a-Apit 2x) Puial ‘_AZ]

where

-X
[A2)= Are® & B C" Ca(a-2pa-2)e + Do (4-2pr#x) €

We replace A1 and B1 by their values in function of C1 and Ly and
solve the system

coe IA[ax-0E¥ s 4] - (a2 . &
e =

2(4+2x‘)€2"-£""- 1
38" Y_AIJ[(4+ZX)€1‘- e.:‘"() ¥ (1-2x) Il

2(A+2x2)€25 ef‘h -
We combine the T rz-condit'iens with the w-condition so that
-
1(4_\,“) Coe* a 2 (a-p) p*= F &2(4-%;)&9." + 2(a-p) DzeJ

and with F= F _C_"_’_):_‘l,
S

Ce* s+ de”= T, I_Clzx + 375")
We replace C1 and Dl by their values in function of A2, Bz. (‘.2 and D2

[A2)[+ +Ax€z'-e'l”‘) ~2(4rx) &7 3 2(2a-x) Y

= FaCads 0,7]
2[4+ Zx")e:z': A _ 4




Together with the T rz~ Condition, we obtain then the system

Azg‘ - B,:Y > C! (2_»11“) Q.‘ Ly )1 (2.)‘1") Q‘,-x:'o

x -¥ 4 ) .2 -)X-R ).;X_ - ﬂ‘—
Ao r%e -G, (4-2’,:..:“- Ra,)e, > ,(A B 3 R

]
where

Rz 4+ Aﬂc.z"- {4"

Ri« 2 (4-7){5" - z(ﬂ-x)e:.x

V\a 2(A+2.x7)¢,-7"_ E""’- 4

Rba F____._.“'V"
R,
We notice that form = o

Q“g'\ R1_=° V'=-4 Rg= —FA
We solve the system for A2 and B

-Ax
2A, = -'g_ﬂt'i +» Gy (4 A),\t-ﬁ* 1-’15) -Dz(A Ry) T

2

sz- -~ g"t + C. ('“"R‘b)e. x -),(-1 A}‘qu’l-’b)

Adding and substracting now the first two conditions at the second
interface, we obtain

IA’C\,‘ . (4—4).;-2y)ey > )2C’= S'Ab)
15,7 - Cre? o Do (A-4pqs 2y) &Y= Y_ﬁ!]

where

LAd]) = Ase?s ByEY | €y (a-2ar)e” 4 3y (-2 y)e

We replace A2 and 82 by their values in fu

nction of C2 and D
and solve the system.

2

I W S SR
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- - _L - _ —x
s IAllay-2x e Bp=) @ (om)) o B (azy-2n)e” L o)

214 +2(y9') e M), 4 Rs (y )20 (a+ p,);"l Y9 [~-Rs).

:7 - 1#)3[(4+2y -2x +ﬂg)e-z(\'-')- (2a+ R))E“y-’)_] * _7;_:- [C(\' -’2 (4-27 ¥2’);3\y

7]

2[as2y97) ™0 1 4o (30 SV (a1 mg ST (a-3)

We combine the Ty, conditions with the w-condition so that

2(p2)Cae” v 2(a-pt) De” = W )_zh-;.,)ca,a v 2(4-py) D;:’)
and with

.= k [A—I »)
(a-pr)

Cae? v Dye” = W [Cre” s D3]

We replace C, and Dy by their values in function of Aj, B,y (4 and D,

~3 (=¥ ~bly=) —{y-x) -
DL Gy 8 () —(arh)e P 2 0 Ty 2

3y -’)]

2‘:\*1@,-:)’3&7("")* Afy (’_,);_l(‘!"z (4+Rb)€4(7")_ (4—115)

= X, LC:,J;- D'giy-)
Together with the Irz-condition, we cttain then the system
- Y -~
A)ey- %,gy ¥ Cg(z)“b"/)‘* o 35(2)‘\)'7)“y=°

A’e\' > %’;Y - Cg(A-?—k)')’* ®>) ‘:/ > )5(4—7-}“) o 05) ':y' %)

where
-4(\{ —ll)

Q= 2 (2y-2x~ “a)éi(\’-,)»- [4-%5) - (21 R)e

Qs B[y - ey @7
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Ve 2 favaly AN, 2pafy )@Y (m) N (4 0)

Q) = K, V’-__

\
We notice that form = &

Q\ = A= gb Ql-‘a vz = - (A‘R)> ®>= - k\

We write the system in matrix form

y |V o cleaeydy o
(3
) o Lyar+y o
Py KW
° \ o (A-r3 ¥Y -0y O
e‘)’ B, - ®
?- -
o - o 2p3-Y Cy °
Vs

or

T
V. My + € Ma | (A ®s ©3 P>)T= (‘%’\ )

We replace the matrix (Il3 B3 C3 D3)T in function of 84 and |34

T
- - -1 -2({r=
\'0.7‘ NA\ + “/ V\Az] e’-\'Ng“‘ e "-ﬁmsz y e & )T'\szc\ ¥ Mgzn} (31., Dl.)

T

= A1) (9}' s)

\

We notice that M41'M5261 =0
Ma1-M5262 = 0
Ma2-M5161 = 0
Ma2-Ms162 = O
. ol A a
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We call
Ma1-Ms161 = Ny
Ma1-M5162 = Ny
Maz-Ms061 = N3
Maz-M5062 = Mg
and write

= dpp (G )T

that we transform into

- -y\ T
Lejz[?‘-Y) N, o+ ;'2\'&-‘/)”1 R ;7-0"'1) Ny + Nz,] (%4.ay D4ey)

T
= 4(-’1')‘3) ( ST }
o,
We write
w Qi
- - -21%-
e-l(}.“/)w‘ 2 y)Nz ¥ &’.7'l z)Na z \ }
1B n22

L” \n\.
N4 =
) \ )t' M"

where all the terms aij converge when m = of

We deveTlop the matrix equation

(a.‘ » Ln) e’ (on-,, v 1:,;) Vae? o A[A—}Ay) %%.

(‘7‘2\ > bzn) bAtﬂ/ ¥ (hu #LZI) Dz.e.-’ e o

We solve the system

“.“. NS SO AAA.L.AQ._*._,ALA_._A_AJ




r2,.19
-y 01 K2 ¢+ Lll
4¢ ( k [\ V,
Az + Lll

Da éys -4 (4-}*)) %"—: Vs

where
Vbz [anrbn)(o2zs b22) =(an+ ba)(on + )z;_)
= (ﬂ-nﬂvn) o2z ~ (o d l’n)az. 3 ba-bzz - b b2y oy b2z -z bay

The term bll‘b22 - b12'b21 contains linear functions of the variables
and has to be develloped in close form

[} 0
by bn o o Admsy-B Lo Ly rz{beby)
b baa S 2py-y ° o

0 L,

Ln"’ l'-‘l
bips Lora[Li-la) » Ly (a=2es+y-83)

b2 = -l
Ly ~2(b-ka) + Lo (2psy)

b21 =

bn. bzz-bu.\)m = L.L-l,- z(L.-LL) + L,(l}*r)')
# Ly +2(bo-b2) » Lo (2 23ty -03))

= Lla (4—@3)

The linear functions of the variables have disappeareq - =+ * - -
the numerators of Bq.e'y and Da.e'y tend botk to zer- . ‘¢
factor QZ‘ and the denominator tends to a corsvar:e

B Q Ll (4-Q) = [a4e®. aew. .
-
and finaily
B4£1= Bb;y v Yot e
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3. Values of the parameters Ai’ Dy.

We express the values of the parameters Ai’ Di in the same way as
explained in appendix 1.

3.1. Values of the parameters A3, 83, C3, D3

The values of the parameters A3, B3. C3 and D3 are obtained from the
relation

(A-b ®, Cy D):)T-': -2 . I‘i& Msie1 + G_}ZNF\SZ
4(a-p3)

" T
iz(k:)ﬁszm N Mszu] (P4 D4)

The matrices "15261 and M5262 contain nothing but zeros in their
first and third rows, so that we can write

(Ab o Cy o}T: - __i——-lo:zhﬂs,;, ¥ g M2 | ( Ps DA)T
Al4-12)

(’h,tz 0 C)'? O)Ta - < LQ:U..".);U—-Y) Mslcl
A(4-py)

s o ﬁS‘\GZ} (943 'Dx,e")r

The matrices M5161 and M5162 contain nothing but zeros in their
second and fourth rows, so that we can write

(o 2 o %)7a -__4__1,;2&*49 M;,g.*ﬁsz.cz}(h )7

Ala-1)
-y I\T
g d ZY)T = - --4———— éz(h,‘)ﬂszc, + My262 [blct D“—.)
(Q Bre’ o % T A(apy)
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3.2, Values of the parameters AZ' 82' C2’ DZ'

We have

C.o LﬁB]L(ly-lxa'ﬁ,-,‘)é%,':) 4-R3)J+ %HA«-L,-L){“"‘?_;“‘I’?]
1v =

-3(y-"
lmﬂ L(A *2y -2x +R7,)£"(Y ’)_ (4+R.,)-4(y . S_-O:( - [(4-2y+ lx\ 4.3(\’ J
Y.

e’

so that
Ko Rt L
2(y-¥)
LA\3 LCA#?.\,-’.’H-n))Q, - (A-I»n) ;30 J + R L,‘ (4-2y *2*)¢, .J
V.

where

[Av)= M+ B3 Cala-ipay)e? o Vs (A-2pss)e”

~(2-¥)

= (Aye®)- R N - (C3e®) (a-aam)e + D (A2s)e”

We have also that

2A27 - C, (4-4}“_-2);) vy DY = LA33
so that

At = -ﬁi- i S_Ab] » Ca{a-dpa-2y)e” - @zé’”).i(‘"x)}
and finally we have that
293 = - 2{.;" y Ca (J\-}-ﬂg,)%x -Dy (A—A};;%—ZX-K})

so that
= _;_1_1%_ +(020) (rr) €Y g, ). (szx-n;)J
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3.3. Values of the parameters A1 and Cl.

We have that

C.e= [AQ'L(IX")ih-r 4J ~ (A4 2¢)” » o
1 V'
A" [A"J ! (a+2x) 5)‘-54’1 +(4-%) Ao
v,
where

-2
[A13= Aer B - Ca (4-7_)«;#) & ¥ Dafa-Yuarx)e

. (Ate‘/),e"(‘l") + B;Z" -(C1J).(4—7+q-ﬂ)€(\' -:-), ¢~ (A—Zy-u»x)

We have also that

2A5- C,(A—Ay‘-lx) X 2 D7 [Az]
so that

-
A,e.x—. —%{ [_AZJ > C.(4-4y\-7¥) - Do }

The values of B1 and D1 are obtained from the surface conditions

A+ D, -C.(J\-?-y.') + 9, (4-7_),.‘):_ 4
A ~D, G2, » D 24, 20
so that

D= 2p+ A, (A-4p) » 4p.C (A-z’«,)
x 2, + (A (24p) 7 4 (©,¢) [4-7a)
d= 24, 4 C(a-d)d)

= 4- 2(A0) " + (C @) (a-4p)
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4, Relations for the stresses and the displacements.

The relations for the stresses and displacements are completely the same
as those developped in appendix 1, by replacing the parameters Ai‘ D1
by their adequate values.

Nevertheless, there is a problem in the computation of the vertical
displacement: its value at the origin (m = 0) is undeterminated.
The relation for the vertical deflection at the surface is given by

”
w= Y“ ""‘EL\I JM) LA,- D, -C, (2—4}».) =), ('2-4’,.,)3
\ w
which, to avoid convdrgency problems, is transformed into

w.—.-pwil‘_'}‘_‘) J%M)l a - 2[;\.- (2- 2)«.)(2.] S Am
\ ™ .
The numerators and denominator of A1 and C1 are both zero for m = 0.
To eliminate the indetermination we should develop A1 and Cy in a
Taylor series. Altough this is theoretically possible, the required
computation is very long and the risks of introducing errors, in doing
so, are enormous. Fortunately, we dispose over the fixed bottom con-
dition, which, for m = 0, transforms into

Au-Da- Cy(2-4pa) - Da(2-4pa)=a

The w-conditions at the other interfaces transform into

Aqy-Dq - Cs (2-Ap3) ~D3(2-4}3) = L VA4 -Ba -C4 [2-4 pa) - Da (2-4m2)]

As = Ba ~Ci(2-Apa) =Da (2-4pa) = ¥ [As=Bs 05 (2-4p) -0y (2-4p) ]

A-®, -C (Q‘AP\‘ =Dz (2-Ap) = F [‘1- B,-0C2 LZ-"M) <D2 (2-4'-1)]
so that, form = 0,

A -9, -C [2-4p] -D,[2-4p] ==

and thus

[A-(-2p0C]) = 5

so that the problem is solved without any difficulty.
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APPENDIX 3

ALGEBRAICAL ANALYSIS OF ANISOTROPIC LAYERED SYSTEMS WITH FIXED BOTTOM
AND PARTIAL FRICTION CONDITIONS AT THE INTERFACES

SYMBOLS
We write

Haroo M
A.lm’.nicd""ﬁ'l)e-vr'(“*- 24 )g A;

Divtni (a4 }M) am(H.i-ﬂ,r... Hio) Y

Ciw'nisi (ni+ i) QrfiCHwar - B
-mSi(H Rast-e - By,
Diwtni s;(_nnr.i)eh Chix Ba - D;
ng _S_‘__ F\A.E A. E_‘-
Ea Ea
kw: _E__?-_ ku.: AL E‘-’;
Ea Es
Ly = E» Lu v Ay E3
Elq Ea
o\
-\
Si= (.—)——‘—*—-) 2
1 3
e
X = M“|

yg M(“.*Ht)
zz=w (B4 W, + Ha)
Y= w (HasHas Had ”4)

vhere "1' Hz' H3. H4 are the thicknesses of the successive layers.
The index 1 applies to the surface layer.

We shall successively analyse a two layered, a three layered and
a four layered structure.
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A 3.2
Chapter 1. The two layered system.
1., The boundary conditions.
Boundary conditions at the surface (z = 0):
¢z: A\ix L b. * C\ is".’ D. e VY
tf;: A,E" - b‘ + S. C‘g.:'x— .D‘ - ©°
Boundary conditions at the interface (z = Hl):
-y~ <hly-x)
fz: A belL O + D ™ Az"“ ’)"' B, C'—’-,H + Da
\ - (3= -5 (4-%)
trs A= BE¥esC -s D AL B s G 5D,
- s g1
W () A - (aep) Bie - 4 s map) G -5 (narp) De =

Fw [(M}n) Are G )(Aﬂ.\:) Br 5 (mip)Cre o -:)n (watpr) D2 J

-5 R

o (i A, () DieT 4 (a0 Gy s (MM D.e -
Fu L(_b:.*)-ru\.)A!;(" -,;») ()"_))..1_) P, r {A\v Y.n_) Qz-t- by + (_A-r '»t) Dl]

Boundary conditions at the bottom (z = Hy + Hz):

W (M-}n) A, - (41-}"_) D;; ("“ )’ 5 ('m.‘)-)n.) 0 - 5 0‘,*’“ ) D'—r,(y )°

I sap Cz=0
Az:(‘f"‘)e bl':z(‘f“") , Silmrpw) mzh-")e—.n[y-:t)

—

(_Au-y.a)

If $2< 1 Aizo

Cz:-h(y-,)a @A) bl:(‘l"‘)e-’af\[-") N DIEZH(\’-!)
St[ht")ﬂ‘l’)
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2. Resolution of the system of 6 boundary equations.
We write the conditions at the interface in matrix form
[Al b. c\ nl)-'-. MT‘M-; ( bt DI)T
! (a+ ) = n(widp) s -5
- S{anp) e suepld R et
M‘ — ——
25 () -Si(map) (4+ ) - 5,
- r‘(h..’, }Q‘) etlr _ (4" P\)et'x e.,’.x :’ z:.l
I‘ 325
[ +;‘(‘)“’0 _— () “(-‘”") (y~
(a+p1)
-2(\"") -5 + I3 (wakpr) '(“""h’)(\’-x)
nz= <2 .x) 4+ pr)
T (Mw)l o ) Pw]-a+ MO ()

R (hu-h)S_A +e 2o x)) Fu 14 1 Tilnerpd)’ (.,4:2)(\1-"} (++y)

(v }s\.)
I} g4
Ath - (a+52)(y~%) 'y e_-?-h\\[-")
v o4 ATEL o
’ ’tll\"n.) ~
o At ':(M)(\’-x) s he_u,(\/ )
e® a(wstpr)
-2 (y-2)
B lare ;(Mh) (y !)} (‘"’Y‘) Fo 5:4 N .'11 ly J’l(!g’-)ﬁ\)
W~
- (] -’)
\ Fu 144— @ﬂ*t\l (ath)ly~ }U;*)n.) F\.[M-e. )(-H )“-)

1Y l‘ﬂ )\\)




Ty ——— ——— —

| Ru R 1
:‘. Nz - \me “u ex A
Rsn Ry 25, (4-m)
l ﬂmcf'. “uzt:'&

A|= : );Rn-bt.-t' “n-nz)
28'.(4\—8“)
%= _ ‘_Rz\.b; + Ry Da.) ™
23‘(4-Vh)
L, s — lﬂu-?)u v Ry Dt]
25, (4=1+)
D = ! Lﬁm.ﬂh + Raz D,J e.:"
' 2:.(4‘“‘)
We write

the surface conditions in matrix form

N. LAI D. C. D,)Ta (4 © )T

-
Mo. MR (B2 0)T = [ 25(a-w2) s )

M, = L
e -1
Qu
NQ. M“ -
L} X

1
e ]
I % 3 }
l'\l- - :'
O
= MA
Qi

- 5% ix
Q= Rne” & Aues » R+ Ay e

-3% X
fn = R » fue” 4 R+ Ryze

~J» SiA
by = “\\tq - “1.\‘-, L) k),'— - J‘.ﬂw’-'

—S\X |x
by = Rue™ - Rue* +5 R -5 Ryze

A 3.4
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We develop the matrix equations

‘“lv.bz + andz = 23, (2-w)

[ ¥ Ma * ary 02 = o

Qo

03_: 13, (4- h\)
Cn a1t - A Azt

[~ ¥ X

Dz a =2 (A—hv)
Ct" n‘-‘.*klz“’"

a1y ~0nx2 =

- ) -k -ZJ‘! -
Sl ! R [-20n ST L (en) Rp e € = (448) R '-&)

+Ray I_?-ani’o'.'s'xt (a+5) B3z <Py (An) sz]

- - [ -2" - -
+ gh ):(4-:.) ’\]2 eue.u x - (onJ'.)?q,ze x_ 25 ﬂ\next" ’_)

¥ Rap I_(_"“"\ Ruzé?"- (-5 N22 + 25 Ry ;"Q-J‘.x]y

= . \V/

~l X ~5X —_— =23 -
Bt <M _ R e s n R €€ T L Rase

4

=% - - ~% ~ T -
“n L ¢ - Rae h + N R)\Q’Lz »_ S Rn e ¥

The numerators contain only negative exponents.
The denominator contains negative exponents and the constant

(n-5) ‘_“1\. Ry -~ Raa. RJ,.J

R

Blﬂ 1"\ (Avht)

31: -2, [4-\'!-)
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3. Relations for the parameters.

The values of the parameters A1 and C, are deduced from the matrix
equations

A\. A LR\\ 'bg * Rn_ v‘!]
25, (a-n1)

C,= A Lnu B, + Rje D‘l]
23,(4-‘“)

The values of the parameters B1 and D, are deduced from the surface
conditions

b - (a+5) A"+ 2008
RS (+-5)

? A 2A T + (4+J\)C\C‘h’
Y am) C 4-51)




4 - ~ - - v ~ STy T T T -
L A 3.7
»
i
!
k Chapter 2. The three layered system.
1. Supplementary boundary conditions.
Boundary conditions at the second interface (z = H + Hz):
E Az* ﬁu )cz. + D -"V-’)A .[:-y)’- by + C» -"(‘-ﬁ‘- D,
' Try: A - bzl..(y.: 5202 - ch-’h;” AQC"",- By * [ N=YY *s(2-n) -8 D,
’ w: (arp) Ay - (A4 )r) bze_(y‘x)y-&[hz&-)u) Ca = S2(moes+ o) Dﬁ"“' -“-_2
k"")-.("ﬂ")nﬂ -("*N)Ds + 5 (na4pr) Cae ) -3 (w3 +prs) D’J
~{y=x)
Wi (naip) | S (nirym) qu_“ v (4a+p) Ca + (,|+}\1)D.l€-’l(‘f"‘)=
ku[(hbﬂ\»)ﬂn.( v, (wathy) B3 * (4+}3) Cre .ol y) v (43 o) DJ')
Boundary conditions at the bottom (z = Hy + Hy + H3):
A ~(2-y) -hfa- v)
Wi (a3py) Ay~ (a+ ) Dae ¥ 3y(worpn) 0y = 33(hasps) Mo
I(» S»> ) Cay=zo
i -
A g2 (EW S [narps) Dyl s (2y)
(A+p)
It 33 L) Ayz o
-Sa(*‘"l) ¥ -(2-y) - (2 _ _
Q « tb) )Y ( »(2-v) . ‘Dgtub[z v)
a;(u,q\ )
2. Resolution of the system of 10 boundary equations.
;{ We write the conditions at the second interface in matrix form
P - T
(Al 31. €. -Dl)Ta Nb\.MA (&3 Db)
]
~— o e VRN -— A
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3, (a+jet) =32 (wetp) 5 -3,

-}
A 51 (arp) '-(" g Salwt )n)t.b'.') - :,.(‘1"‘) -3 '_(\;-"\

=5) (M) (a+p2) -y 54 25, (4-we)
~3$a (W) .[Y"') -(4rp) "(\, =) S (y=>) 31;"("-")
\‘- 539 !
. iz(z-y) . Sbthsﬂ‘b) -(“‘""‘)(z‘v)
(W)
") -1+ ;'z(z-y) -5» + % (he+hs) <l wr3)(2-y)
L= (r1+ps)

Kw (A*}-y)[-\ +:.1(1~)_] % -(wh) [(2-y)
w3y (M) L—\ v o 3

ku\lﬂb*}ﬂ)ll-)-e( Y_] W (arps)| 0+ J;(_ha'-}d:) -(I-H;) (z-y)J

Carpor
,“ :’ < )
A+hd _{a+73)(2-¥) . sslen)
Iuntpo) ©
AYRD ;(_\4-33) (z-y) 5y + 3a Sz
Mlo= B L 1% ob)
= -233 |2~
Kw (2+)3) )-—l -n: (et V)) W 33 (s +}3) [-n + 2 3| r)}
L _(n) i
\(u(bb'*"'b)l’ ‘_ﬂ:."_)_e.( M ) Ko 4+ L‘ s ;u.L:. v)')
Sy (marpy)?
Q\\ b‘l
My Mu= (MRl 0, L
b, U,
hl) s{y-¥) Qane 32ly-x)




Are ——-4———- an ® + 0,0
' 25 [a-Nr) [ ! > ' ’)

Py 2 ‘_Qu By + QM ,_“7"")
2&(4-!\1.)

Cro 2 [0 By + @ D3]
23 (A‘V"l-) ‘

Da= A S_Qa. by + Qy2 D3 e”l\'_x)
2!;(4-’")

We write the conditions at the first interface in matrix form
7 X AeBela02)T
(A' ,b| C. ».) = M. . Mz (_ T bL 2 1)

The value of Mil is given in § 1.2

-(y-%) 1 Eh ty-x) '
e
e-‘\,-ﬁ) - ’1;"(\'-x) -$5q

A 3.9

* FVV (44 }\l); (y-,) -‘w [4 ’Y‘) Fw Sa (h\_#*l);’t(‘, =) - FW 3 th » ',.1,)

Rt ™™ R mp) R (arp)e™ R (e

Ryne (y=x) R Rp i"(y*)
~ly- <niy®
M‘;‘. M, = Ra e‘y x). < Raze R”'" H’ Ny
-y~ -nly»)
Ry el ) R Ry
) ' iy 3,
Ran V" )o.m Raze™ e e

Q)l,

Rase* :

R"' 25, (4'1\\)

L)
ye
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] - -
A|- 2"{4-“.) Lﬂu Al (\' x) & ﬁ.; b; L “rgca.;:‘(y—’)+ R.., Dz)
~{y-») -
D2 ™ [44\. lﬂzl Au(y * R, By + R3Cae fly-~) » R D').JC.
C =T) Lﬂz\AzEb' + Ry B2+ azsCzEM Ll Ras b:)
23.-Mm
Dn:

~fy-x) - -
2s, (...y..) S.a‘" A“(y B, + R C,._"'(" *) « Ryy D;};""

(A, ®. c, D) a ! . MR. MQ. (D, Da)T
45,51 (a-h0) (4-m)
ba  bn
B ' MR. MQ - bt bl
bs, by
‘ﬁ W W

b= auQ\\-b’ i * “»\.Q;.e(’-*) Ry Q2 -’zl‘l"‘). R B Sriy)

.

b= Ruln Riz Wa Ris Q32 Rw b
b e Ru by Raz B2y Ras Qs Ray Qw
Pir = Rabn Paz Oua Ray O Ry Ov2
bsy = Raln Rax Da, Raa B3, Ray 04,
dpz = Radn | SYRR TP Rys Bs2 R Qv
b = Ras Qn Raz Qa Rus Qs Raw, Qv
Yo = RaOn R4 O Ras Qs Ryv Qyy




We write the surface conditions in matrix form

: T
M. (A. b' c. m.)TI l‘ O)
The value of Mo is given in § 1.2
Can Qi
Me(A., B C. 2,)T. 2 (®»

A"" 4"”0) l"h‘) - ¥X) at:

Op= ))ncy + Ddue & by o » by o

- -3 % k7%
Gy = due” & due” ¥ due 4 bue”

- -5 K72
Ry = »”l’ - bg.t” + J, L)'.- ! - :obbl'-,

Sk X

-% -
Mgy = bpzc - ‘u, tx 5 );zt. -5 LA:. e

We develop the matrix equation
O bz, + o Dy = As 8 (A-VH)(A—NL)

oy By ¥ o Dy = e
and solve the system

A2

Dy 4san (4-n:) (a-n0)
An.f22 - bhpy.AQnr

A2

Dae - 45,52 (a-n) [4-10)

An-h22- A2 D22

V= Ay 1y~ KRy . h2a

A 3.11

)
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We devlop the denominator in closed form
Qy. 01y -~ &3y D2 = e,’. u."x.

. 2 ‘.\n.*n - »n blt);xc:“ > {A-J‘-)[bn )’n - th h:.] :}C—n' x
s (ars) Dt.u b = bw lu.z) Ao PPES) I_h‘ bsz - bay \m) o2

* [4-3) ] bas bas- by buJ + 25 ] ba bz~ by bM—_) atuidde }

by b - bu b2 =

100022 - 0 0 )[ R B1n - R Ruz)
S Y PR Y P Y PP I P o gl
+ ‘_&n Qv - b Bn ) Rar Ry - R R ¥ aly-x)
+ ] 82032 - 83 82J[Ru Ry - R Rus) ly=") ~saly-x)
* ).Qu buz - Ou B22]] Re2Puy - Rz R24) LY Jaly-%)

+ | Ouitua - O 032][ Ras s - BraRas]

We write

10002 - 0 On) Y& O-2 o,
Lo 0a2 - Oy @YY g
[Ou Ouz - Qu O] e Aie SN

10 0y - tni O] b Oa2s

[Ql' ®In - Q4 mu3 s Y24
[0 042 - Qar ©52) Y7 £ g,
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bay bia - be bur « ew.’-)' ér.ly-").

{ An L‘;. nn -ﬂn“n.] > Q\alﬂ;\nw - Ru ntt)
+gqv4 [ P Rig - An R24) + MsfRuRis - Rn 915)

+024 [ﬂn Ria -« Rz Ru) * O Lkun" - P Rz&) S

- e(\'-'-%)"J-;(\,-x) SR,

)5] Bn. - b“ b’z e &.(".,) ._h(y-*).
{ M L“)\ Rie ~Ry Rﬂ.] + On Lﬂw ﬂm— Rn \93)
* a4 lnh Py - Ry 90‘!3 4 Oa» ‘.nn Ry - Pra “33_)

' quLﬂgzKu - R Raa) + o [a” Rv - R R;L)S

= '_\Y"') .:r"("‘) mk,

Yar-bn - bn bar = lY¥ Jil‘l-").

» { q“_ [“‘“ R - &\ﬂhz) > Q\QLﬂlu “|b - Rn Rbbj
¢

e L%m Mia - P Rh&] * ﬂlbluz R - 1YY ’MB]

+ N ‘_gn Ry - P Raa) + Q34 ‘_\., Ria - Ris RM] S
] - "l\,-)l) .Jn(v-")m“‘

% dar. b,; - b)\ bu b tl\,-,) .:hl\["').

% an Lﬂn- Roz - Ry *tt) > ‘tu[\n Ras - Ry ’\zs)
*Ma lh‘ Raya - Ry %ZA] + M3 [Rnkg;- Rz hi]
+m24 [ Ras Roy, - R R24Y + wpa [ RasRea- Ry au}lj

- - )
- 0-(" » .—h\‘l QR4
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A3.14

) Sly-
L’.l »Az - LAl ‘22.' t(\’* t.J ‘\’ 8).

{ M s_lu Rar - B luJ + 9 ‘_‘\h Rap - Ray "’-’)
+ o [ B2 Ry - Ru ﬂu) + i f{afus- B R:s]
+ 9 [Xu Rvy - Ry, Ru._'_) + 'paj_vm Ray, ~ Ry Rz ) }
e & ) "S-:H =) QRs

Ya bya- dardaz = 41V ,_“l‘l"’).

{ NIn &?\A\ Rz - ‘b' ﬂlﬂ-) ¥ Qv LR\.. Ne» - ’191 ’\Ab)
o [Ai Rou- ResRvv] + 23] Bez Ras- Ra2 R ]

* 924 {fv2Ras - B2 Rvv] *+ *pv]Rus Ry -Ras Ryw ) )

= gﬁ‘]-*)el\l\'-k) @R

Ve & ‘(\, ~3) :‘, v -x).

~ =23, o
[2 QA " s (a-5) @Ry Nt IN [a+5) QR e
+ (‘*")Q'M:Z"'x » (4-5)@QRs + 25, QR e e.r.v:\

Between the brackets, the denominator has next constant term
(-3)QRs = (a-0) levQAz - \!Alﬁzz.][ku Rya - Raa 9\24]

Va Malidly ,_(‘I"') :*(‘I"Q V'

e AR . A e e -
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We write then b - S gty

Y A S T PR AR S WL
g“-’ L Qn. \u.%z kan Ay O

L‘i\ = Ru Qy Rz Vo Ras Oy Ray Oy,

baas P A Rus Qa2 Res 032 Rew 2

b1 = A O Ron Oy, Rosd s, Rau bu

\"az = Ay On Rz Qa2 Rss 032 Ray Ov2

Ya = R O Ry Oy Rus O, f ?

Vo = R | I Rw &, Ryy G

ayy = S YA sly=x) n

)

)

) e I X Y .x I ) -x
L S X | ey 233 ) A
ﬂ‘z]_ = bntkt. - Lue ! +5 e o ' —J',.L&ll.

99 s Ass: (A—h-) (4-\‘ .,_) A

x &y ly-x) ly-x) |
A 5,50 [4-0) () & & e e o

~——

&S dY) .'A[y-r) v'

)
As, 52 (4-m)) (4a-h2) run

Dy Asss (4n) () A2y
V\
The numerators contain only negative exponents; the denominator
contains a constant term and negative exponents.

I~ e oa
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3. Relations for the parameters.

The parameters A2 and C2 can immediately be deduced from B3 and D3

Az- ‘_ Qn Dy » CD,,_ D;]

2:,_(4-h1.)

Dza __‘.—-— ‘_Q)\ b3 + “3;)))

231,[4— WI-)

The same relations for B2 and 02 contain positive exponents which
have to be eliminated.

P BL“ [“u bb * (Qn Db) (\, =)

{ 2"\,( —h\.)

t ] Ag b 7Y (4-‘“)(4-‘"1) (\1 -x)
& —_— A .
2:.,(4-\»:.) v‘
U IS WEL PRI i e

! ! -k =& -
'Qu [bu -l"'h - )a\e-'“ ¥ 5 ]’;o L3 ’c.b Y- 4, Lin t.xJS

x

le 23.(4—"\‘) .
Y
{ L o * Rn A2y + Rig 'iu)
*[n,. o2 - R2» N2y - R Vruc]o. 5
EARLE LA Ryynas * ﬁuqu]

+ 5, [M . - Rus 92y -~ Raa "lM) e B

The factors Riz with the negative exponent -sz(y - X), which does
not eliminate against the positive exponent (y - x), have disappeared.

.

-3 _.r,x

-Jl




We obtain in the same way

D, 23, [4~-n,)
V\
{ - [ﬁ,‘ o + Ropa + Rn Q;A] koo

* [ﬁuqu. + Raoga, ¢ nt&%‘{) e

-:‘. le\D‘\Q > R)l "34 L l,;q;h‘) t.* C:‘J"

The parameters A1 and C1 are obtained from the matrix relations

A= ! L“u A, ':("—x) > Rpd, Rp Ch b4 Ca + Ry D’-:)
28‘.(»\-'“)

Ci=" lkb.An:h-x) + Ry By » R»;hw-’)cz * Ry .D;)
28‘,[4—)'.)

The values of B1 and D1 are obtained from the surface conditions

- ] - : A. -* 2 ,C, - $i 2
», v 1:, (24 0) A8 5 C e ]

D,t - L I"‘ - 2Ao€x ind (4+J‘,) C'c.b*l

S. -t




A 3. 18
Chapter 3, The four layered structure.
1. Supplementary boundary conditions.
Boundary conditions at the third interface (z = H1 + H2 + H3):
Ox: Ay ¢+ b,e- (I-V)* C, + Dy C”L‘“’),
A‘.i[“‘-%)‘_ B + C;. z—"(ha) + s
Trz: Ay - By t:(z'Y) ¥+ 53Cy -5 Dy c:;(z-v)=
Ancle® _ Dg + JyCach (k-2 _ s, D4
~{zy) - ‘3("“1)
v (Arps) Ay = (4p) BE ™™o by (nytpn) 0y - Ba(nasks) Dye ™ =
~ & (=
1w L(Aﬂ»h) Ayetr (A+}a) Ba 4 5 (i) Che u (=2 53, (ra ) D‘c)

(z) ra(2-v)

r (444G + (4+p3) Dae
.h.[h-'l.)

W () Ay (harps) Bye
b l(m.»u.) e, (wa+)es) By 3 (42)ea) but v (A+pa) Da)

Boundary conditions at the bottom (z = H1 + H2 + H3 + H4):

We O

. e
(A4 1) Ag = (1+pa) Ba dAr (ma+pa)Cs -2 (m.»)“-)b).e“t 2o

\* 4D CA so
Aqi(‘“). s k), B [ng $}a) m;\\-—z)cu[r-z)
(A+pa)
\ " $4 &0 Asy=o
Cx ;"'(”’l) - ____._—(A*w‘) i e‘“.c) :’b (F=) - :2:‘ (3-2)
Sa(na +pa)




-

- ¥ -y ﬁ‘-..,_ -

2. Expression of the boundary conditions in matrixform.

2.1. At the third interface.

In the equations at the third interface, A4, or C4, is replaced by its

value obtained from the fixed bottom condition,
We write the conditions at the third interface in matrixform

Ms (AsP5C3Da)T= Mg (bs Ds)7

We invert M5

(As$yC3D53) 7= Ms. Mc (D D4 )T
! Sb(t“""’) "33[“3*»3) 33 -53 .
n~| A Sa(ﬁ}‘s\ ‘-U.Y) J ;(m’r}q)ehﬁ) -S3e 2'7) -3 “_(1-7)
s =
Wng) | -53(mipa) (2+p3) -1 Sy
| -7y »+rs)?lzq) - l"*H):ﬂz'ﬂ ef’(z") e »{x7)
If s, > 1
. -20“'1) v+ Sﬁ‘hh} );(,‘“’"“)(‘-"‘)
re
RS 2-2(,\'—1) _5h+ Sg‘[:r:’)*“) E(AH»I;,)(}‘-S)
Me= -20'-1)] (AP e
L, irpa)]-r ve Losalmasra) [ -4+ & X "
~2(F-7) Hpds) -lavfa)(r-
\ Lz(mﬂu«\[)*g 2( 'll 1, (Aﬂ.u) Y-A-!- fz_‘;?p.)—z-;,
If s <( 1
4
A ~(425a)(-2) N 9_-2.:4("- 2)
A . B )
’ Iainarpa) (e a s SualEa) o, -
y Vs J‘“’ )
-) e ————
) ’ “2alk-2)
M¢ ( \;’{Y“"*’ c \4»34)[\’-’2)] LSa lmﬂ-)'h)["' e J
L (Avpa) |~
{4 Ja)( -2 BYNIY
\ La (veopa) |1 ¥ L’i‘.’l‘i)l .e(“ o J l;[up.)lﬂ ol J )

Sa(navpa )i

]

A3.19
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We write A3, B3, C3 and D3 in function of 84 and 04.

Ay e EMg(11).Mc(i1). Da + X Ma(a).M¢ (2) s
239 (4-13)

S Ms(2). M(i1). B4 +» = Ma(2i). Me(i2) D4 .e(’-,)
233 (4-n3)

S Ms(31). Mc(ia). B4+ = Ms(3i). Mc(i2) D4
295 (a-n3)

=Melhi). M[i1)-B4 + = Msi4i). Mg (i2) D4 zf,(aw)
235 (A-93)

D, =

C, =

Db:

where Mc(7,j) are the constants in Mgl.

We write
Piu = = M) M (i)
Pa = = Ms(5i) Mc(2)

so that
’ Ag \ ’ ?n "2
1) A Pa ) Vne}r,) g \
Cs Byfa-ns) Par P2 D4
| 0, | B

2.2. At the second interface.

We write the conditions at the second interface in matrixform.
T T
My (A2Ba Ca Dz) = M4y (A3 B3 Cy Da)
We invert M3

- T
(A,_ B, Ca D;)T = Y’h‘. My, (53‘53 Ca D!)




A3. 21

| Salarp) =5 (nrpr) $a -5 1
2 A Sl(‘“')"‘)é at 33 (mapa) D)y, by S 5Y-)
. RA-M)| <5 (narypa) (A+p) -! Sa
-2 (nar yu)ef‘(y#). (arpa)e® (y-r) SO ey )

| gl"") \ i’;lﬂ-v) ) ‘

,:(""’) - LN
¥ (a4 h)ilz ) W (1413) ) sy (mw-s);.’)l’-y) “Va Ty [warpy)
¥ (n )*Nilz‘y) Ka(math3) Ky (4rp3)e B(2) Ka (4+p3)

'::;[z-y) -5y

MA-’

We write Az’ 82’ Cé and 02 in function of A3, B3, C3 and D3.

zﬁ,gs).m.(ia)i("").)\a + 3 Ma(i).Myfiz). Bs

Az ) 252 (4 -n2)
N S My [a). My (i) E-_’%[%y)C'; ¥ 2 May41)Ma[in). Dy
252 (4~n2)
B, S Ms (2i) MA(‘4)€l‘1‘V)A3 + S Ma(2i)Mafiz) - Da .Q(y-,.)
253 [4 »)
. 2 My(2i)- Maf10)i P70y + 3 Ma(2i)-Mu(i4) D3 Y
232 (4— ha')
Oy = 2 M) M Ay + SMy(31) Mali2) Bs
232 (A~n2)
+ :S.M;(MLM.,@)QZ”V‘”(:E, y S M(31).My(14) D3
23, (4-n1)
,b = < My (4). Ma (M)Cl"ﬁA3 y S M)(A;) M4 (il) B3 ::(\)-ﬂ
231(4—“:)
. zne,(aa).m('@,:’%lz-v)& y SMaWi).Ms(i2) Da e:,w-x)
233 (4-n2)
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where M;(1,j) and M,(i,j) are the constants in M;l and M.
We write
@) = =Ma()- Ma(i))

so that
, A ’ @uet) ®n 'anx’lﬂ) Qu, \ | Ay
S B IR Y LA WL T Wil L WL | N
c. | 2aa(4-41) B 4, L B Y C,
| D’J l Qh\il"ﬁe{’l"") oluff‘ly-’)Qtoi,’lH)e"h") &'wchh-x) Ds

2.3. At the first interface.

We write the conditions at the first interface in matrixform.
' T
M‘\ (A,fb|C,D‘)T= nz(”\z‘bictoz)
We invert M1

- T
(A,C.D)T= M Ma (R2B2Ca D2)

sp(A-\-\M\ -5 (\nﬁ\h\) Sy -5 ‘
X x % X
-2 Ya(»n-yn)o, 5, (war e ~5.e -5 e
‘ -ﬂh(d-‘\\ -& (hnﬂ'*') (M—\m\ -1 S\
X X 5 I
-S'\(hﬁ‘n)e - (4+}~|\ e e s\e ‘
o) | »0) | \
i(v-#) ) 5 L—hl‘,-r) Sy
M E bﬂ*ﬂi‘w) ~F (4>p2) ‘ﬁs,(»z+ya)i":"’:-ﬁrz (e#p?)
- ~tlyr
b (m*\n)il\’ 7 Rimip) B (dep)e = Te(13p) |

We write Al’ Bl’ C1 and D1 in function of AZ’ BZ’ C2 and 02

A3.

22




s MM YA, = M) M) B,

A,:

2s,(a-n)
= Mapai ) Ma(i9) &0, « ML [41). M2 (i) D,
s, CA—h )
_ SME) MR, MG Ml
B = 25, [A-ny)
, MM T, ¢ M) he)D
25, (An )
o _ MO ) MG EY A, + SHa(21). Mali2) By
' E 25, (A-h1)
2 Ma(»i)- Mz(la)o.hcy XC“ + SMa(?i1)M2(4) D2
25, (2-n )
D S Ma(4i) NzCM)Q,[y-x)Az + E M(4) MG2) Bz o5
‘= 1’0(/1—‘1 )
o Z M) MG ¢ I MDD,
23, (A-nV)
where M, (i,j) and M,(i,j) are the constants in Mil and M,.
We write
Rjl= M. (i) M (i d)
so that
/ A UL " e A
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3. Resolution of the system of boundary conditions,

We write the conditions at the surface in matrixform
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We have then following system of matrix equations
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3.1. Determination of €17:€22 = €21-€12

The expression of the denominator Cy1+Cop = €21:Cqp Must be established
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3.2, Defrmination of the parameters B, and C4.

We write
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The numerators contain only neaative exponents,
The denominator contains a constant and negative exponents.
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4. Values of the parameters A,, D,.

4.1, Values of the parameters P> Bss C3, Ds.

A3. 33

The values of the parameters are obtained from the matrix equation in § 2.1,
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4.2. Values of the parameters AZ' BZ’ CZ' DZ'

The values of the parameters A2 and (:2 are immediately obtained from
the matrix equation in § 2.2
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The values of the parameters 82 and 02 are obtained from next
matrix equation (§ 3):
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The -positive exponent, eSZ(y'x) included in b41 and b42, has disappeared.

The numerators of B2 and 02 contain only necative exponents because of
the presence of the factors aél. aéz, aé3 and aé4.

4.3, Values of the parameters Al’ Bl’ Cl, Dl‘

The values of the parameters Ay and C1 are immediately obtained from
the matrix equation in § 2.3.

- )
- *n;b”?h ¥Rn-By + Puzh“f Ca + Ry .Dz)
2'.(4-'\\)
-nly” Ras.D
Cc A Q)\C-(Y*?A-g +R22.B2 * Ryze .Co + X3 1]
] ==
QS'(A-V\')

The values of the parameters B, and D; are obtained from the boundary
conditions at the surface

Bi= A [ - (s AST- 206 &)

S-1
~ =&Y
A 14_2,‘,;*- [A+&)C & ]
R
L Al A —




2. Expression of the boundarx conditions in matrixform.

2.1. At the third interface.

In the equations at the third interface, A4, or C4. is replaced by its
value obtained from the fixed bottom condition.
We write the cand




APPENDIX 4

ALGEBRAICAL ANALYSIS OF ANISOTROPIC LAYERED SYSTEMS WITH FIXED BOTTOM
AND FULL SLIP CONDITIONS AT THE TWO FIRST INTERFACES

SYMBOLS

We write

Aimin; (A4 'A'.)n.m(“"'u""" M) = A;
B,

Cimini s Cn.wy.'-)ems'.(“‘*“”" Hi) - Ci

D wtni 5 (ni fr:)g_"“s" (Hy+ Hotoo- KL

B'M‘ln; (4 f‘A'\ ém(”n "nl." - ”i-ﬂ)
‘ -

F|a -E'—- k|= ——;-E. Ll:' ~53
Ea E&

) . kY Y2
5; ™ hi- P‘
' -t

= mH,

w (W, W)

vm(H,+ H, + H,)

x Y (Y +H, + ¥4, o-\-h,)

*r N <X X
v

where Hl' H2’ H3, H4 are the thicknesses of the successive layers.
The index 1 applies to the surface layer.

We shall successively analyse a two layered, a three layered and
a four layered system. '

RGPy Ay
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Chapter 1. The two layered system.

1. The boundary conditions.

Boundary conditions at the surface (z = 0):

'i.* A\Q-x L B, + Gi"* +D|= !
Trz 20 A"-x - b, +J‘;c\;:ﬂ -sDi =0

Boundary conditions at the interface (z = Hl):

% Ar B C, 4+ D™ Ay, e, g

Trz: A-D Y, 5C, -5, De¥ =0
Aﬂ_‘(‘!"‘) Sy -%)

- b,y +r,Cz'- -8 Da=0o

W (Aep) A, = (A4 p) BT 45, Maap) C, = 50 (mrp) D, &%

F S_(ou-\n.) A-u.-b'-’)- (A+pa) Ba ¥ si{nepa) Cl:h(\'-:)-’z(”""}“‘-) D‘)

Boundary conditions at the bottom (z = Hy + Hz):

Wao  (arpadAr - (aepid Bk re s p) G- im0 D

It s Ci=o

At P00 nlne k) g e oty
(a+pY)

I( 520\ AL=o

cz;Ss(\I-")- U +p) D’;(‘f"‘) ;”(‘I"“ . Dxértty-‘)
y‘[mu)r‘)

2. Resolution of the system of 6 boundary equations.

We add and substract the surface conditions

2A% = a4 = (4+3)CS  (4-0) D,

2b| o A - \4--’3) c|!.-s‘x - (/"'Jl)‘pp
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We add and substract the first two conditions at the first interface
2A, + (445.)C, + (2-5) D, <" ¢ [A2)
2B s (4-2)C. + [445) 3,0 = [A2)

where, taken in account the bottom condition,

§ s>
=2(y-~ s ~(y~%) _5aly-»
[Ae [ S8 0 [a s DRl SN0,
WPosa g

- 5aly-x) aly -
A1) = [+ —-—\‘——::::WJ" S EN P A
3L

We replace A1 and B1 by their values in function of C1 and D1

(425)C, Y_/\ -e".;,""'-) v (a-5:) 3, )-.e_;,,, _g"_) = 1 A])- "
] ' (4-5) C, [4-(" c"‘] s (a+8) 3, (€7 e - [A2]-<"
We solve the system

C,= {LA;JLlJ‘.{’;:'x- (a45) 0:2‘ s (4-:.)]

-M S )
* [2:.{' - (447)) il (A-5)e’ e ] —_—

\ I

‘ ), - {[A‘l)[')hfx = (4+2) Pl (4-4 CZ';:"l

-~ g%

+ (20878 2 (v ) 4 [4-00]] _‘V..

! V‘S g‘|;*¢-3" _ [4*"')11‘-1! *9:234”) > [4’;')2 LA*;th—:J.X)

For mea V.= (a-8)?
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We transform the w-condition utilizing the t'rz-conditions

¥ S [y-x)
S,(M-\) c| -3 (n.—l) D":S. = F‘ I.st (”1-0 C;t (y ""r’l”‘l-"‘) Dl]

and with

F, = F, “(",,_"__")
Sy (h.—‘)

-x)
C oDt Fa ] QU]

We replace C1 and D1 by their values

cC, - 3‘;3.13

% _ (A-J.) :1! ‘-23,1]

{ 1AL Ca-30 - [(A+8) e, (»\u.){z

‘.23.!:, (4-{1",‘) > 2{2"61"‘_ 2¢ S,x]} _\6‘
]

= {1A2) R s uklvT

%a \C,_ ;r«.(\{~x) _ D‘LJ

with
T2 Vi
Raz  —
d R‘
~suly =~
A2} - B> [Cue 923 = - .Bﬁt_
]
This relation becomes
“' Sa2D!
-2(y-x) 3a (vt i) ~ly=x) -3, (y-x) R
144! ) Dy ¥ 14 + STy e e v 1\;) Da Rt.
'} 1< 1
a -y~ -8x [y
14 4.(4-“3):.'_':.‘:___—-: e ]bz
S;(h\v"‘ﬂ-)
-28: (y=x)
* L44(4-—Rb)'— Y +Ra] D-,_:-}_‘_
R,




’ ' ~y— -

g Wy

wer

A 4.5
Together with the T rz-condition
" S22
l.-‘!(\’-i') ) . L Sl.(lh.ﬂ-'\) :("“‘):’:(‘I“) - :1) P, =0
(44 1)
)‘- Mh<)
(a+pr) -(\,-x) -h(\’-ﬂ ] LS;;D.(\'-’)-J"L) Dy=s
L‘M—*\")

we solve the system.

\\- $;9
:t(ht*"d ;(Y“');'L(\'—Y)

[+ PO -2

R \VA
- 2(y-»)
‘Dtc R1 e -
R| Vz
-1(\'-1) 23, [ "(‘I“") 3\(\)-")
Z= (4-.;-,4.&3) - (A+5: %R e ﬁ
\‘> Ji{!?
-x)
st:23\,(‘f > - 5q
bz= - h
R, \A

A ~y-x) -daly-x)
L2 e
»’. R V\\."-‘At
R, A

-t

..2nly-*) Q(Aﬂn) -y -31(\’-:)
V.L- (4-n +R3) +(1230- Ry))e (h;ﬂn)




T e~ ey wﬁ'—‘“v N

- ~— v J—

A 4.6

3. Relations for the parameters.

Cy= \\_Az][_z:.c"{""- (a+8)e2* o (4-8)

- -1 -J0 1
* llt.i" - (4*:.);"' > (4-8) ¢ 'e“)‘ —:"—-

s \\Az)]_z.r. SV (ars ) s (a-2)H e

> 12:.[‘ B (aaryr e 4 (40) é""_]}..‘v._‘.

A= -‘; " 1A) - (a+s)E, - (4-5) D, e S

The values of the parameters Bl and D1 are obtained from the
surface conditions

®, =

l:. - (ars) A - 24,C """]

3,~1

Y. = -

1\— 2A Y - (a48) C, €™ ]

J.-’




Y
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Chapter 2. The three layered structure.
l; Supplementary boundary conditions.
Boundary conditions at the second interface (z = Hy + H2):
~(y- -§. -y) -lz- ~3(2-
Mz: A+ Do =), Co » Dae 0y A,-.(‘ 7)+ by *+ [se ! y)*’ 9s

~ly-x
Tra: Ay - L + 5 C2 - 52 Dzes‘(\'-’) °

A):("‘/) sy (z-y)

- by + 5 Cse - $3Dyas
- \’ -x) -h(‘}"")
w: (ap)hs - (44 L) Dre ¥ Su vt ) 7 - J’..(\n-)-}sz) Die =
k‘].("*PB)Ast -("‘}*b) Ps » -"bb"*)*b)cb'- Ple- —J‘sl,»>+}~ﬂ 93_]

Boundary conditions at the bottom (z = Hy + H, + Hg):

wzo (4t k) A, ~ (4+ps) D;e-lz- .), Sy(ns+ha) Ca = 53 (34 3) Yo el y)—g

I} Jb)‘ Cg‘-‘c

A,;(*-")= 5,:2{1-\,);_ 5y (na+ o) D’:(""V);”(""’)
(44 )p)

I{— 53 & Ab""‘

Cg:"(!"")_ (“4’)“}) »b;\"““);‘“(f‘"’) . D ;—'1"5(’“"1)
n(m+pd) ?

2. Resolution of the system of 10 boundary equations.

We add and substract the surface conditions
A e a- (4+3) Cie S _ [4-9) D,
2D, = a- (a4-%) Wl -(442) D,
We add and substract the first two conditions at the first interface
2A, *+(448)C, » (4-9) ), e - ]_AZ]
2D,e% s (a-5)C, » (4 5)d,a0 - [Rl_)




hd ]

A48

where
[Al] = At;é’-y) L b,_ > Cz:..rt(\,-ﬁ)ﬁ- Dz
We replace A1 and B1 by their.values in function of C1 and D1
(ar5) £ [ A=) » (-0)0 [ €V 2] - [A])- S
(4-5) G, [4-< eV 4 (4en) D, o -&7) - [A)- ¢

We solve the system

C,= { [Az][u‘;r;.r.x_ (44:.){2".;. (4-:.)]

v (256" - (arr) £7F 4 (a-n) VT ‘V

{[AZ]LN“; - (s Faadial (2- J.)e—lxé-.r. ]

i1 [z.r. e S

- (a+5) gl (A-J.)_'] } A

V.= 85, ¢’ - (4+4)} Ii“ ¥ Ez""] s (4-:.)’[4-» Yol Xadi J

We transform the w-condition utilizing the Tz ~-conditions

§(n,-1) C, - 5,(n,~1) D,és"; ¥ 1:, (ha-1) Gy e ~52(y - r)_ 52 (maen) D,]
and with

Fz = F, S_—____; (”1-‘)
S, (n,~1)

c, - D, ¢ Tix = Ta [Cz;"h('y-x)- ‘D’]
We replace Cl and D1 by their values

C, - ‘D' =5 )‘g
{[Az][&a-m)-(4¢a)g > (4+n)4?““ (4_&)€1n—2hu]

+ 2087 (- M) w2 &M 26""]}'“:7'

= J M) R R
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{[A2) R, + Rz’}—-: F. [ct"‘l"") 2

LM] F2V| ‘_C -:,(y ')_ D) _ Ro

Writing Rym F_%V_\ , we obtain the system

L}

- x)
A-u:[y-x) + B, = (2- ﬂg) Cre aly- + (4+R3)Dz‘ -%'—

A‘L:{‘—’) - bg_ ¥ Ja C’.:I‘)(‘I"x)_st )1 T o

and by adding and substracting
ZAz{c\’-ﬂg - (4+52-R3) Cq _:.,[\,-x)_ (A-50+ Rs) D2 —%«l
2D, 2 ~(4-52-R) 2 t"'(’ ')_ (4+f2+ R3) Dy - —’;—‘-
We add and substract the first two conditions at the second interface
2A1 % (4652) 00 ¥+ (4-52) Dac - (y=%) _ [ A2)
29, chy-) (4-21) Ca +(4*’1)91th[\'-x) L A2]

where, taken in account the bottom conditions,

'I‘r > 1

;2(e-y) I3 [matps) ~\2Y) -5y (2-9)
‘_A%Jg [4+z ba,,s.,‘ N 3(/‘:}“)‘ o ]D;
\s‘ Sy L A
IA”) L" L (ap) -(2~V);lg(z-v)l By + [_" . e_g,,(z.,):) 5,

3y () o)

We replace A2 and B, by their values from the first interface conditions
C% ),.C4’.|"_) - CA*Jz_Ra)“.\,‘x) -sl(y-x).)
- _ _
+d. 5.(’""’ = [4-31 +Ry) el *)] = 1A2]+ l\ﬁl L)
Ca [(4-:1) -~ (4-32-Ry) < b= e-’t(v—*)]
+ ), )_(4%32){"(\'-’)_ (,,,»yﬂ_g,’),_‘l‘f"’_] < [A3) j%;(y-r)




N — -

W WY
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We solve the system

x ~X)
Cis= {[M][” :’(\' ) b= - (At Rb);}h-’) + (A-T24 5\9:]

j_["“)-hlv ).2.\‘ s ly-»_ (4-5 )-2(7-*) -:z(y-x)]} L
2

D,

{ LA:&][ 251 ¢ ly )_ (A5~ Ry)eh y-x + (A-e- R;)i’-(‘l”" :h(? ")J

v B%l: i_(“ﬂ-,,) ?:1(‘1-!)_ 25, é(y-x) c.—.J-L(\/—x) _ {A—J"I)J) -

“(y=*) - - -2(y-* L202ly-0
V‘L'-' 25 (\' x) :l(\’ X)- (44}1)1(44”1*R)){.Z( v (4"3"1_ 33) 2ty J
~2f(y=~-%) =25 {y~-%)
4(4-32.) [(A-J. *3y) + (4-3.-R3)e (=2 ¢ "(\’ 3
for m=a |, V,_: (A—--T'L) (4-31. + RB)
We transform the w-condition utilizing the T Z-conditions
- - ~53(2-y)
S (-1 G = R (o) Do e ')e X lsa(ha-') Cre (= -Sy(h3-1) Da)
and with
k1_= \(’ 5)(”5")
$a Qm.-')
R AN

We replace C2 and 02 by their values

CL - Dq_ e::"c\"'x) =

R

{[A’b][(a-r fa-R3)e

-(4+Ju)\-,)¢,"l" M _ (a-h-Pr) €

+ By 0 CD_p gy O gy, e 2l

~2(y-») ~2.:, (s,-x)-',

S e o) boa e )
2
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with

&3 = k:. V;
&,

W] - & [ed™ oy, L

1
This relation becomes

l} 5p> )
-2(z~y) 3 (warpy) -(2) -n(2-v) ]
L'\"’t ]Ba ¥L4+ -l(:f;;;;-e L 3 "‘&{)Da:-e_f
)t- x4

={2=¥Y 3y /2~
L« 4+ (1-®3) ad 2NN e.l ’ e_J’L y)J By
Salhy+)r)

+ [4 v (4-0) 2EM Qs_] Da= - &
Q,
Together with the r,rz-condition

‘f a0
-1(z-v) Iy uy thes) ~(2-¥) -n(2-v) -
Le. _|)B, ¥ ‘."—(:':}%)" e _:5) Dy=o
\Q I» <
A3 '(z"’);"*(-”") . =253 (z-v) 53] Do
). Mot & —'J Dy ¢+ X_ »& 3] 3

we solve the system

s> 3y(Va+hr) e—lz-v) -5 (2-y) 5
A arpn - _t
t V.‘b
33: 0. 2.2 (=-v) =}
Q, \VA

..2( -y) -LZ°Y) -! L’-‘Y)
Va'-‘ (A-53+ ;) - (14334 Xy)e AN 23{&»:3:)° o
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\F Y4
»n ‘-2 (2 ~~/)_ .
Bpr- 22
0. v}
Arpy ;f-z"') ;Js(z-v)_‘
Dy= L )
\ V3

-2n|z-y) -{2y) - (_z—v)
Vaz (4-53+ @) » (Ardn-0,)E g (‘;f:::))e e

3. Relations for the parameters.

Cy= “.Mn.’-’z MYty (4+.ra+ﬂs)€zl"°') > (454 R)]

- =y~ ~1y=-x) _ )
N %1[44—8‘1_);“(\’ ")-Qhe(v x)_ (A—:‘)&ll‘f 4 e—.h(\).x ]\J ?;_

T

-(y- —hly=x ) v
Dy= “.M'.\Lz’“ R PPN R EL et (441_“)'_2(\,.,:).': by=0)

- <~(y=%) “r}y-x)
¥ %k‘“n}il(y M 25, OV o _ (.4”")-]3 JTV;_-

A= L 1A%) - (44 ) G = (4-10) n,e’*(v-ﬂ\

\1 The relations for the parameters Al’ Bl’ C1 and D1 are given in § 1.3
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Chapter 3. The four Tayered structure.

1. Supplementary boundary conditions.

Boundary conditions at the third interface (z = Hy + Hy + H3):

Wz: Ag ¥+ b,e (2 v)‘r C; + D; -J;('&Qy)g
Aae[h )..- Y, + C, ‘r,,(i--a) D4
Tez: Aa - g,“_-(z-v) +23Cy -5 Da e -h..(z-v)

AACU.'“) D4 + 5, Cae™ ("'”- $s, Dy

(44‘}*‘.’) hs (_44—}’0)) B‘; Ll N);. 119 ‘,hs"}*'b) C5 - h(uu-y-,) Da“‘!(z ‘4)
Lw L(’"}“") A“°UVA) (A3pa) Ba 3 5, (warha) Cae (=2 = 53 [ 3a) D‘o]
;=) ra(2-v)

W i (mar ) As + (haspy) Bye + (440G + (4:p3) Dae
Lu.l(nuy.u) melto, (W4 +)es) By y(zu}.o.)tu w{he) s—{u—}u.)lb)

Boundary conditions at the bottom (z = Hy + Hy + Hy + Hy):

We O
(as1a) A - (2+pra) Ba <™, 54 (4 +e) Cat :"(hl-"r“)»A-“d‘- ?)
o> Cico
AR, g, (ke B lieapal g, S )
(A+pa)
W Pyso

Cu ;’h("‘l) . (A+py) a e—“‘ -2) :‘A (=) v D .-_2.74[)-1)
Sa(na +jpa)
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2. Expression of the boundary conditions in matrixform.

2.1. At the third interface,

In the equations at the third interface, A4, or C4, is replaced by its
value obtained from the fixed bottom condition.
We write the conditions at the third interface in matrixform

Ms (AsP3C3D3)7 =

Me (ba D,)T

We invert M5

(Ay®sCa03) 7= M3, M¢ (. p4)T
’ Sy(avirs) =33 (n33pa) 33 -3a
n~l A Ss(:'ﬂ's\ Q—U-Y) -"g(ﬂ)*)ks)elzﬂ) -S,J"V) -Sst(z'y)
s =
isp-n2) "9("3*?5) (4+13) -1 3
b- alzv) $(zY)  sy(2y) 3 éb(l“l)
| Jshvrﬂc - (mpa)e [y
If S4> 1
=2(>2) Ly Salmps )-(_4+IA)(\"-7.)
1+
RPrY '7(.“"") -S4+ Sg'[:r:) ) -(4-}!‘1,)("—%)
M¢= +-2) (4 b2
6 L(ﬁk01i+z ] Lsﬂpuynl—4+ U+Z o
(-7 A¥5a) (-
T o s Lo e
If s 1
R4
1 ~(a¥s5a)(F2) \ ?_-2-:4()'4)
+: \ ";)A) 2:‘(’. 2.)
AN e
{ \pa _VMMFﬂ -J4 +e .54
" ~2alk-2)
M¢ {(nar ) \4;3&)(?—’2} L\’Al“h*)“'))‘_ PRI J
Lo (Arpa) \_—\ ye i i~
(n Arpa)’ .Q ) Ya(arpe) 40
v S e e

|




We write

Ase

where MS(

We write

A4. 15

A3, B3, C3 and 03 in function of B4 and 04.

EMg().Mc(i4). Ba + = Mafai).Mc (2) D4
235(4-“3)

_ 2 Ns(2). Mc(i1). B4 + = Ms(2). Me(i2) D4 .e(=-7)

239(A-h;)

2 Ms(31)- Mc(ia). B4+ = Ms(2i). M¢(i2)D4
29 [a-1)3)

=Msd). M[i)- B4+ = Msfai). Mg (i2) D4 0_I;(:hv)
A3y (A-13)

i,j) are the constants in Mgl.

?JA = i“q('j'l) M C(_td)
Pja = = Ms(jV) M¢(i2)

so that
[ A\
12
C,
| D,

’ 1Pn 1>‘2 . \
A Y&|€.zﬁ0 1%1epb’) . By \
Whns) | By, P2 D4
| g 2,87 |
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2.2. At the surface

Adding and substracting the surface conditions we obtain

AT A= (a+n)CETT (a5 ) D

-zb' - A~ (_J\-J‘\) C|e-:'x_(4+.fl) D.
2.3. At the first interface.

We add and substract the first two conditions

=(y-% =52 [y=0
2A, » (M50 » (A5) D E™ = A, Y, B, » O ST (N0, p,

= [A2])
2%,5% » (4-8)C1 + (4FS5) D= [A2])
We replace A1 and 81 by their values obtained from the surface conditions
(w2)C [4-€*] + (erdD [€7- €] = [AZ)-e
(4-20C. [4-€C"") + ([ = [A2)-¢

We solve the system

C,= {LA;].LN@""._ (4+.r,)e'x N (4—5',)03‘)

<X =§HX A
v 25 - ea) e [an)ee \";‘I{"
L. A

{1Az I?.!‘. S (JH'J‘\)E}‘ + (4—5\))
* ‘_Zs.e, - LA-}J)G”" 3 (a-5)e e ]k V\

The positive exponent e* has disappeared.
) -9( 5
3\. N_A{J.I‘Lr. - (4+r)es" Y (4_:.) )
+l2nete™ - () oy (4-:.) )Y}

V,.= 35" < (4> ) le N Q_l:nc) x (4-51) [A+ e -z.r.x'l

For wm=e Vo= (4-:,)*




v
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We transform the w-copdition utilizing the T rz-conditions

%)

si(n-n Cy, -5 (V‘ﬂ") nri'ﬁx:- F I"t(”z") Cze:hly- R (n-v) b1]

- F s5a(na-)
y\CH.—‘)

C,- Ve = ?Cze-h(\’ ) ¥D,
We replace C; and D; by their values
C,-Die¥=
{lA 2) L(4~:,) - (4+r.)€2x+ (4+r.)€1"’_' (4-1'.)932"57"’3

" L?"‘é"("'ilhx) ¥ ze:Zle:-J'px _ Ze_,'mrJ}. 'iVT

A
= ig_Az]. Ra + Rz}. -
For M= od R4= (A-S') , R,_:o

{[A2). 8, » Raf. .4‘-7_= e "2 Fp,

A

[+ - B Le:c"0™2 p). - R

Writing Ry= ER_VL' , we obtain the system
4

- ~5ly-»)
Aze(\'-Y) > Bz + Cz;"(y x)f Dz - R" CZQ_ 1(’ 3 R)DQ_: - —;—1'

e ]

A-)E(\’.x) -9 ¥ G ?:,,(‘,-x) -3 Dy=o

and by adding and substracting

1A _ (aar- R G fasia ) D - B

- - Ra2
29, = - (4-:,,—?3) Cz'-'r’(\' x)-(_o\-)-h *»R) D2 - -
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2.4. At the second interface.
We add and substract the first two conditions
- - - (2-Y) -
2A, ¢+ (A*h)c'z v (4-52) Dhe nly x)= Ase ( Y + Ge B, Dy

= [A3]
28,8074 (a52)Ca + (4432) WEPOT L [AT)

We replace A2 and B2 by their values obtained from the first interface
conditions

Catarss) - (av5:-R) L1 o (‘[—x)]
- 2 - )
* D‘z[(“’h) ~’tly ) - (a-32 + Ra)e 8] )J= [AB_'] N %_‘. e,(‘f ¥

- -) -5 (y-%)
CZL‘.A-"-) “(“ ’z'p'b) O 37 ]

[(4‘"1) ~hly- x) (4352+ ‘R;) e (Y""7] [A b] 3+ R (y-x)

+ D,
We solve the system

- x -x)
Ca= {LAN L2507 (ausar RS (aosat e

o -ty nly-")
R [(«H“ A hly= Y an - (#-5)e e ]“F’:’—;—
2

\V"’][“ —(‘I ~%) Sz(\f )(_4+r1+Rﬂ -2(y-%) (A—I;*—Rs)]

_ TR -2f 4)-:;\,-x7 4
T [ i ()

The positive exponent e(y X) has di sappeared.
D,= \ [43) [_7-’1'- - [4+52-RY) &b, (4-52-R3)

-\J;\Tl ‘_(Mh)bz(y €[\"x)€h("_.x) - ("'h)_-.”' 1\7;._

4

éz ly-2) €J,(7 %) J

25y
Vz" s, ‘(\’.ﬁ) h(\, ’) (4431)1(4*-11* R))Q, 207 + (_4*-"1.- R_;) 1’ ]

- - ) =20 (y-X)
+(4-;1)L(4.y,+\13} + (4-& Rs) ‘I-(‘}-# | J

For m=oas Vae (45 (2-52 * )

7 S - -
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We transform the w-condition utilizing thet . -conditions
9 -J]_(,\,—‘l)
sg(hi-\) Cz - 52 ('lz_-\) 1R
=53] 2-Y)
= ¥ [’)(‘3") Cre l - S';Ch;-t) Dg]

W= k' Sbth3“)
- 52 (w2-")

Can DO K Cre Bk Ds

We replace C2 and D2 by their values

C,.- i)2?::2()’—-’()::
-232 ‘1 ”) (A_ 5y ﬂ‘s)

J1ABIL (a2 72-Rde
- (A+s,_+“3) ;;7-(‘I ~¥)_ (+ £n-R)e

- - _2y-¥) -5[y-9 -ly-x) _28[y%0 ‘T A
h 12-:’1(\, ,{.) Ql‘ze(\’ ’)— 2e by )e, + 2he & } ———V

2

-2(y —ﬂ) 250y "’)J

= S[A'b-_\ R+ &21\ ':‘{'7:

TQI’ ™M= o V= (A-’t"'RB) > ®1’=°

Writing LD,-.-. V2 | we obtain the system

1
- - 0.
A'bv:(l-y)a- 53 ry Cre e (! ") ¥ D.B - QBC nlx Y)+ ¢sDa= - —0_;

As'h-\/) By + e (2 _ 5, Dy =o

and by adding and substracting

2A, 4,(1' ) 5 (4-\—.1'5—&;) Cye S H) ¥ (45 *03)93 "'"%‘l:‘

b2

29; » (4-8,-&3}.‘:3{53[1“’) * (_A-&J'3+Q3) Vy= - ™

e s e R R e e
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3. Resolution of the system of boundary conditions.

We have from the boundary conditions at the third interface ( § 2.1)

Ay= A LP". Dy + pn-D&)
1?3(_4—“‘:)
A P D&] L[’z-y)
33 a 1?1\ By ¥ 22
2‘3(4-“";)
r 0.37. A pr.bé ¥ »31D"—J
b' 1’3 L4"'“‘)
A [phn P, + Paz Dh] e},{z-v)
.Dy =
1!‘5 (1\"-7\3]

We replace A3, 83, C3 and D3 in the last equations of § 2.4

2-Y)
[39";(1~Y)+ CA& Sy - 3) P:t -l‘;[t )-)- (A-.\';+ @;) pA’Q,;( -) B

- 2-7)
+ [2 ?n £[2~7)+ (A+ 5y -@5) szcl‘;li ) - (4-1'3 *Qa) P2 e )( ] DJ,

= - 273(a-13) 0.

"

. Sal2ey)
11%& * (" ’>"M Pae 2212 + ("" 5y +0)Bue 2 } B,

- 5,1 ~v) D
¥+ [‘2-?1.14& * (4-’; Qs} Pa2e hir- y) (4”3 *—Qa,) ?1..1.:, } 4

Y PR [
]

We solve the system in B,y and Dy

BA:’. -23, (A-“‘))Q_’_l-__ I-— an_ 4:(2-7) y 2%m C(z—\’)
o,

~253 P ST TS J‘)("‘I)J
2 l’-ﬂ) N["’V)V
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Bz 253 (4-M) %}_ [ P ézl'z-v)e- la-y) Pra e sy(2-Y)

» 3» .Pay é‘(’-"") ;215("’7)~ 3 Vz.zéf"")]. 1
Va

The positive exponents e(z-y)’ e53(ZY) ang &(27Y).653(27Y) pave
disappeared.

Dau = 254 (4-m) %%_ IP"" e:r;lz-Y)_ D, E‘zlz-r). i:;(z-y)

-{2-v)

—(2y) =212 Y)) A
+53 P e s Py e o ]-XZ

e:‘ 2-y) by Sy[ 2-Y)

-

V3- 2 L(_ Py Paz- P pzl) + 5> ( Par. P - ?;z-?m)]

~2{z-
> (/14 Iy s ®3)(P,, PA‘L -’pﬂ.?lo\) ° [z )')
-25(zy)
+ (4 afy-U) (?3\911. - ?‘52.?2‘) e

¥ (4-3‘5 —m;) (Pl\ Va2 - P p3‘)€2(z

+ (A' Js + \b'b) (Pzz Pay - T2 vm,)

- ~233]2~7
Y).e 3' 3

For m=m Voo [(4-70) # Yelarsod) (P22 - Pa Pa2)

The numerators of 84 and D4 tend both to zero and the denominator
tends to a constant value.
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4. Values of the parameters Ai’ Di'

4,1. Values of the parameters A3, B3, C3, 03.

The values of the parameters A3, 83, C3,and D3 are obtained from the
boundary conditions at the third interface in which B4 and D4
are replaced by their values from § 3.

P2 D
Ay= L?.\BA + M “] m

01 L( Pra. Poy = Py Pa2).& B, S;(?u Py -P i )'[""") -25fz-y)
)

~|*®

¥ 53 (PPm~ P D,,;)

Vza

bag Y_PZ' BJ, y Paa 9&]_‘__"11)—-—-
253 [4-h3)

—afx-y) -D3[a-
®1 L(.Pn. P - P p-n_) 2 ‘I) )
-h-v) Y
-[z-v) S YINL] */) [,2zp4,_ 92,947, J
Vs

\—Y;L?u M- PaaP)e

mg-“”"““”>

L( P2 P2y - Pu:

TR EY (?21. P‘n.— p‘zz ?‘h) e > (Vn 4) 73
The positive exponent e(Z‘Y) has disappeared. Although the presence

of the constant 53(P22P41 - P21P42) the numerator converges to zero
because of the factor 02.

LP\\ %, + P‘nD"J 4

S —————

133(2-n3)

1““\=-%zk>4“”'““”L%,m-%nas¢~1

\

¥y 3y (Psz%n - Pw.z) _[Z'Y)] —11‘-7-——
3
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J
= ] ParBa v Pa Da] = 2 )
2]‘;[4-h3)

= -\ELLQA\.P\) -Dn-’pl'?-) CZ[Q-Y) + @42" ?z' -94" pzt)
o,

+ 53 Pur-Paz - Py Paa)e T e (H’)] —%—-
3

4.2. Values of the parameters A2, Bz, Cz, 02.

The values of C2 and Dz are obtained from the relations established in § 2.4.

i L2 W o8l Ly 5,4 Ry) 2D 4 (a-52s R3)].
IA ~l2-v) y By + C;C“““”%— Ds]

+r R U/.u &R _5 ey _(a-1a) iz(\’")é'"["")]}

D= A S_‘zru‘(\' - (a2~ R3) 9, (4-52-R3) g i”l‘f"‘)]
[Aelx P 4 By +Cs P2+ D3]
¥ %}_ [‘(’4_‘,1)61(‘1"‘)_ Qrtél\-}-x)o:h(\'-%)_ (A'Yz)_] j

The numerator in 02 converges because of the presence of the factor RZ'

The value of A2 is obtained from the relation established in § 2.4.

. __\A e g, 4 6y, L aen) G ML ’°]

The value of 82 is obtained from the last relation of § 2.3.

R
=-_‘_(4-;,-R3)cze, Saly =) (4+I,_+R3) Dy -,%'
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4.3. Values of the parameters Al’ Bl’ Cl’ Dl'

The values of the parameters A1 and Cl are obtained from the relations
established in § 2.3.

Ci= “V {Y}" 'S (asn)e T ).
A
[A;C(Y") y B, o Czc.-hb-’t)a- Dz]

i—l')_r,e"‘ - (A-\-J'\) Pl P e:’b(é—.f.x]}

For the determination of A, we need the value of Dle'slx.

D &< AV “_z:. S L (arr)EP 4 [aen) EFEY]
A
IA'),Q':(-\’.)‘) r B2 » Czé—’l[y_’) o Dt]

P12 eI ()8 s () )

Ar: -‘R—LAzE(-\")‘)&- B2 + C'z.e.f‘[\"x)* D, - [4+$‘.)C. - ("‘5‘)‘D'ér‘xl

The values of B1 and D1 are obtained from the surface conditions.

B 2 Ls\ ~ (A5 A -2.P.C.€""}

S~

A A 2AT = [av8)CieT)
D 5= I— ~

5. Relations for the stresses and the displacements.

The relations for the stresses and the displacements are completely
the same as those developped in appendix 3, by replacing the parameters
Ai’ Di by their adequate values.

The relation for the verticale displacement is again undeterminated
at the origin ( m = 0). The problem is solved in exactly the same
way as developped in appendix 2 (§ 4.).
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EXPLANATORY NOTICE




ISIC FOUR-LAYERED (FLixy) USAE Fage 1
0K 3K OK KK K0K K K 0K K 80K 30K 3050K 50K K K K 30K 5K K K K K KK K KOK KK OK0K K KK KK K 0K KK X 0K 0K XK K0k XKk KK IOk K KKk k X

Fowr—-lavered Sysctem Frogram :

This program is available in two versions:
- EXECUTABLE version, in which the executable program
is made up of only one block with automatic loading.
- SOQURCE version, in which all controls, data, and
all modules are in separated ftiles.

In following text, » means A = ANISOTROFIC
I = ISOTROFIC
y means P = PARTIAL
S = SLIF

Each floppy disk contains following main files:

AUTOEXEC. BAT —-———7 automatic program loading
LOGO. BAT ———=% display of introduction logo
FLxyLO.TXT ———=% introduction text on screen
FL:xtyMNO.LLOG ————% introduction text +or printer
FL:xyNO.TXT ———= this notice

¥EXECUTABLE floppy disk
' This disk contains the following files in addition to
the main filess

FlLxv.EXE -—=—% executable program
FLxy.DAT ~-~~3 data file for demonstration
FlLuy LST ———+ result file for demonstration

¥SOURCE floppy disk
This floppy disk contains the following files in addition to
the main +files:
FL:xy.VER —-——% revision
FLxy1.FOR ——=r main module
Fllayl. FOR —-—=% subroutines DOMEC
DOTRA
FOCAL
FOINT
FAS
CHECH
ERROR
FLxyZ.FDR —-—- subroutines ECHDE
VINIT
i ZERQO
FINIT
FLxy4.FOR —-—-—* subroutines F4a442
FCT22
‘ FCT42
. sSOM42
S0M22
. F4444
F2442
CONST




I8IC FOUR-LAYERED (FLuy) USAE Fage 2
L3S ST 002 333223333208 23 082220223803 33¢238 333833333 3828¢1

FLxvy3.FOR —-—-— subroutines BESJ1
BJOJIZ2
SURFA
couct
coucz2
CouCs
couca
FLxyb&.FOR -——» subroutines TITRE
MODIF
SIMFS
FLxy7.FOR -—=7 subroutines comMsu
FONC
ccow
FONC1
FONC2Z
FONCZ
FONC4
FONCS
FONC&
ECHEF
FlLavB8.FOR —-—-7 subroutines IMDON
IMRES
FLxy?.FOR ~--—7 subroutines MENU
ECDON
LEDON
| . AFDMC
AFDTR
AFFOC

Configuration:

IBM-FC (G,XT,AT) with at least 28&kKEB, 1 ou 2 diskette drives,
80 col. screen (monochrome or color), math. coprocessor,
matrix printer.

Running of the program:

In the next presentation <ENTER> means action of key e
Insert the EXECUTABLE disk into drive H.

Load DOS, if necessary, then type DIR B: and FATH Az

FLEB> FlLxy <ENTER>

Frinting of the results:

an screen : FLB» type FLxy.LST “ENTER >
on printer : FLB> type FLxy.LST »prn <ENTER:

Consultation of this notice:

ot e ooy e e ey S Wy e S s e e s S S S e S S s cem Y SR e e me

on screen
on printer

FLE> type FLxXyNO.TXT <ENTER >
type FLxyNO.TXT >prn <ENTERY

-
L
.E?




ISIC FOUR-LAYERED (FLxy) USAE Fage 3
*X*X#**************#X****X*X**X************#***X*******X**#X**X**X**X*X****

Disk preparation for normal running:

Format a system disk with COMMAND.COM, and files needed for
running AUTOEXEC.RBAT.
Freparation of CONFIG.SYS with files=10, device=ansi, buffers=10.

Alterations in source files:

By text editor EDLIN or any other text editor, program
statements, may be altered.

Commands for EDLIN are:

FLE: edlin #xuun.for <ENTERX:
where --—»* file nmame to be modified (MHMNn.for)
nD ~— grase line number n
n ~—3 displays line n for alteration, type the
carrect statement.
nlynZL ~-» displays lines between number nl and nunber n2
E -—% ends session and returns to DOS

After alteration, the new version of the module has to be
compiled.

Insert Frofessional fortran compiler into drive A.
FLA> b: <ENTER>

FLE> path a:\ <ENTERX

FLE> profort oon/li <ENTER®

* Linkage:

After correct compilation has taken place, a new executable
program has to be created.
Insert diskette with FORTRAN libraries into drive A.

FLEB> link FLxyl+FLxyZ2+...,FLxy,CON:; <ENTER:

To obtain introduction logo on printer
FLB: type FLxyNO.LDOG »FRN “<ENTER




I8IC FOUR-LAYERED (FLxy) USAE Fage 4
3KOKOKOKOKKOK OK KK K K K KKK KK KK 0K X080 30K KK 0K k0K 0K K KK KKK 3K 30K 50K 30K 30K 30K 0K 3K KK KKK 30K0K K KOk Kk KK K X

Fresentation of different possible screens:

r FD-USAE-vers. 2.00 1986

MAIN MENU scren :

Strains and stresses
in USKE-2
a four—-layered system.
KKK KKK KKK K KK KKK K KKK KKK KK KO K OO O KOIOR KRN K K K XK KKK KKK KKKk R % o 4

Data retrieval in a file

Data saving in a file

Screen displaying and/or alteration of system data

Screen displaying and/or alteration of traffic data

Screen displaying and/or alteration of computation coordinates
Input of intermediate depths

Frogram start

NS b

Screen of CHOICE 1:

Strains and stresses
in USAE-2
a four-—-layered system.
F ACKACK0K 0K KKK KK KK KK K KKK KOOI KK KK K K KK KKK KKK K K 3K KK 00K 0K OK KK KK K 0K K Kk K Xk

Data retrieval in a file.

i A FLxy.DAT file contains base data.
The user can define another file whose name nas to be written in
& +8 characters (format XXXX.DAT).

Name of chosen file or FLxy.DAT :




.

»

ISIC FOUR-LAYERED (FLxy) USAE Fage 5
3K KK K K 3K KKK K K K 50K KKK K K K ok oK K K 3K KK KK 0K K0k KK 0K 30K 0K KK KKK KKK KKK 000K K 0K XK KOk K K

Screen of CHOICE 2:

Strains and stresses
in Usae-2
a four-layered system.
KK 30K 30K KKK K K 0K OROK 0K K 050K K KK KK 0K K KKK K IOK KKK KO OK KKK RO R AR R AOR KR KR KKK KKK KKK K ¥

Data saving in a file.

A FLay.DAT file contains base data.
The user can define another file whose name has to be written in
8 characters {(format XXXX.DAT).

Name ot chosen file or FlLxy.DAT :

Strains and stresses
in USAE-2
a four—-layered system.
3K0K0KK 30K KK KK KK 0K KK SKONOKOK I0CHOKHOK OK KK 0K 0K S0ROKOKOK 0K 0 OKK K ORS00k k

System data.

Layer Modulus Foisson™s r. Thickness Friction ra.
1. 4000000 d.16 20,0
1.,0000
2. 100000.0 0,25 20.0
1.0000
3. 10000.0 0.50 0.0
1.0000
4, 1000,0 0,50 F000.0
For return =1 or alter, =2 ————

o e e S e i e o S S s T e e M A P T S W W W L D e (A (A T M e S P . P MR Al St S e T T — — " — " o T = o S o e S ot P e e e
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ISIC FOUR-LAYERED (FlLxy) USAE Fage 6
KK 0K 0K k0K K K K 0K K 30K0K0K K03K080K 0K K 3K i 30K oK KKK K 5 30K 0K 0K K KKK K 0K 30K 30K 30K 0K K0k 0K K0k Ok KK K R XKk Kok k

Screen of CHOICE 4:

Strains and stresses

. in USRE-2

a four-layered system.

KK 00K KKK K KKK KK K KK KKK K KKK 0K KKK 0K 310K KK 0K 3K 0K KOK KK K KK KO KK K KKK K KO R KK K X KKK kKK

Number of circular loads = 2

Radius Fressure Dist. = Dist. vy
11.450 7 Q00 0, 000 0. 000
11.450 7.900 4,350 0. 000

For continmnuation = 1 or alter. = 2 ~—=—— 1

Screen of CHOICE S

Strains and stresses
in uski -2
a four-layered system.
CHOK KCACKOKOKOKOK ROKOK 0K KK KKK KK ORI 80K KK KO IORIAOKOKORKO S IOKOKOK OKKOR IR R KKK IO R R Rk

Number of computation coordinates = 2
n= y =
0.000 0,000
17.175 Q. 000
For continuation= 1 or alter. =2 --—— :

e b o o o e i ke ot o e s e e tanta eSS St S o e Ao . v S e = . e s S S8t e e i o S ot M Mo St Sy e o e . b o o i S i e e e i e g Y o o o A o e

Screen of CHOICE 6:

Strains and stresses
in USAE-2
a four—-layered system.
3K KK K K K 0K SR KKK K SIS SOAOKOIOK K KKK KK 0K K K KKK K KK KKK 0K OK K KK OK OK K 0K K K K KK
Fositions of stress computations in depth out of interfaces.
(max 22)
number of positions :




ISIC FOUR-LAYERED (FLxy) USAE Fage 7
0K 0K KK 30K 0K oK oK KK KKK Ok K K K K K K 3030KCKOK 0K 0K K 3K K KKK K K K 80K 0K K 30K K KK 3K K K 3K 050K K K K0k 0K KK KKK K

Screen of CHOICE 7:

Strains and stresses
in USAE-2
a four-layered system.
0K 40K K KK KK 0K K KK K K 0K KK K I0K 0K K KK K 3K KK K 3K K KR OK KK oK oK KK KR KO KR KR R K O A OO R Kk

initial computation interval (0.1 is generaly small enough) :

Next screen:

Strains and stresses
in usae-2
a four—-lavered system.
30K K OK K KK K0KOKOK KK K KK K 0K K K KKK KK 3K KK K KKK K K KOK K R SR KRR R 0Kk Kk X OK KKK K K K ik 4

choice of scale :

0K KKK KK XK KKk Xk K X

allowed choices :

1 - thickness of 1lrst layer

2 - thickness of 2 first lavyers
I e thickness af 2 first lavers
4 ——-- thickness of 4 layers

3 - load radius

suggested solution 3 9

Screen for execution:
5

Strains and stresses
in UsagE-2
a four-layered system.
00K K KKK KKK KK KK KOKKOK 0K OR300 3030330330000 00K KKK K KOKOK KOO R K K Kk kX K

computation start..... be patient!'!
m = 0.10

be even more patient...!'!




I8IC FOUR-LAYERED (FLxy) USAE Fage 8§
L P 3R RS E R R332 0228223333 8233003333323 38333833¢3%¢3]

Screen for results:

EE S et

Strains and stresses
. in USAE~-2

a four—-layered system.

0030000 3K 0K 00K KK KKK KK 0K KK K0 KOK KKK KK KK KKK 00K KOI0K 0K K K OK K KO KKK OK KRR O KK X KKKk

A file FLxy.LST contains base results.
The user can define another file whose name has to be written in

8 characters (format XXXX.DAT).

Name of chosen file or FlLxy.LST :




ISIC FOUR-LAYERED (FLxy) USAE Fage @9
3K 0K KKK 0K 0K K K K K K 30K OK KK K 80K KOK KK K 3K K KK 0K K K K 30K 30K 50K KK K 00K 0K K KK KOK K 50K K0k K K 0K K XOK IOE K K

Sample of results (FLxy.LST)

Four-layered system program isotropic - partial friclion
USRE-2 departesent des constructions
isic
av.de I’hopital, 27 h
7000 wons belgique
PERREENSS et satataN e taRtats st AR usta s ta st b AR a Rt OBt BRSO RasaRt R s s asasssasessIstssssssigg

Mechanical data

HOK A0 XOK HOX0K Kk KOk kX
Young®s modulus F."5 ratic thickness frictian ra:
4OOO0O0 ., O 0.16 T, 000
Lo
100000, 0 G, 2% DL 000
1000
10000, O Q.50 Z0O.000
1.0
1000, 0 0,50 OO0, OO0

traffic data
ISESSRE SRS E!

load radius pressure P v
1 11.450 7. 900 Q. 000 0. 000
2 11.4%50 7.900 24,350 0. 000




ISIC FOUR-LAYERED {FLxy)

USAE

Page 10

SRRRLALARABIRLATARRLSRLINNUERROIRERIRTSLOtOEOROEOEERERERISEESROSIIRSIRIINY

position ! %= 0.000 y = 0.000
depth layer 3] sy 3] tyz txz
0.000 18t 10.1640 11,6793 7,9000 0.0000 0.0000
20,000 14t ~3.4792 -4,5018 1.4980 0.0000 -0.4167
20,000 2% ~0.5790 -0.8143 1.4989 0.0000 -0.4144
40,000 288 ~2.2733 -2.5873 0.1873 0.0000 -0.0611
40,000 388 -0.173% -0.1997 0.1873 0.0000 -0.0611
70,000 3 & -0.3907 -0.4033 0.0540 0.0000 -0.0046
70,000 418 0.0095 0.0082 0.0540 0.0000 -0, 0044
9070.000 4 88 0.0000 0.0000 0,0000 0,0000 0, 0000
depth layer 5] 52 52 epsi epsl
0.000 183 11,8793 10,1660 7.9000  0.2197E-04  0.1798E-04
20,000 1 4 1.5338 -3.5138 -4,5018  0.7080E-05  -,7597E-05
20,000 24 1.5793 -0.4593 -0.8163  0.194BE-04  -,B502E-03
40,000 2 88 0.1888 -2.2749 -2.5873  0.1404E-04 -, 1b75E-04
40.000 I 13 0,1973 -0.1834 -0.1997  0.I890E-04 -, 1824E-04
70,000 318 0.0940 -0.3908 -0.4035  0.45126-04  -,21h0E-04
70.000 4 48 0.0545 0.0091 0.0082  0.4582E-04  -,2230E-0A
9070.000 4 88 0. 0000 0.0000 0.0000  0.0000E400  0.0000E+00
depth laver ulx) viy) wizl ex ey
0.000 1 88 -.21B4E-03 - 1909E-10 - 9046E-02  0.17SBE-04  0.2197E-04
20,000 1 83 (.9385E-04  0.8642E-11  -.BB35E-02  ~.7A9TE-05 -, 10AHE-~0A
20.000 2 39 0.98856-04  0.8642E-11  -.BBISE-02  ~.7497E-05  -.10AGE-04
40,000 2 39 0.3017E-03  0.2637E-10  -.BS61E-02  ~.1AT3E-04  -,20bbE-04
80.000 3 88 0.3017E-03  0.2637E-16  -.8543E-02  -.1673E-04  -.2066E-04
70.000 3 88 0,IBAME-03  G.3360E-10 - 7A32E-02  -.2159E-0  -,2352E-04
70.000 4 88 O,3BAME-03  (.3360E-10 - 7432E-02  -.2159E-04  -.2352E-04
9070.000 4 83 0.000GE400  Q.0G00E+00  0.0000E+00  0.0000E+00  0,0000%+G0
¥
= —al > o

try

0.0000
0.0000
0.0000
0.0000
0. 0000
0.0000

epsd

0. 1101E-04
- 1046E-04
- 1046E-V4
. 2065E-04
-, 2066E-C4
~.2352E-04
L 2332E-04
L0G00E+00

<

[

0. 1101E-04
0.6939E-05
0. 1848E-04
0. 1402804
0.3739E~04
0.4511E-04
0.4511E-04
0.0000E+00
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SREOBSERRBENREBIBEIRERIssRRunEEsaRtanseaaRussessntussaeasstssastsssasasise

posttion 2 Xz 17.175 y: 0.000
depth layer 5% sy 52 ty2 tx2 txy
0.000 1 18 3.0499 B8.8259 0.0000 0.0000 0.0000 0.0000
20.000 188 -2,0893 -4,3573 1.1255 0.0000 0.0000 0. 0000
20,000 288 -0.3243 -0.8305 1.1257 0.0000 0.0000 0, 0000
40.000 288 -2,4172 -2.7153 0.1997 0.000G0 0.0000 0. 0000
40.000 338 -0.1828 -0.2077 0.1997 0.0000 0.0000 0.0000
70,000 388 -0.4084 -0.4186 0.0354 0.0000 0,0000 0.0000
79.000 4 8 0.0090 0.0082 0.0354 0, 0000 0.0000 0.0000
9070.000 4 43 0. 0000 0.0000 0.0000 0, 0000 0.0000 0.0000
depth layer si 52 s3 eps! eps2 epsd
0.000 118 8.8259 3.0499 0.0000  0,20B4E-08  0.4094E-05  -.4750E-05
20,000 1 88 1.1255 -2.0893 -4,3575  0,5392E-05  -.3930E-05  -.1OSIE-04
20.000 2 ¢t 1.1257 -0.2243 -0.850%  0.1M9E-04  -.393)E-05 -, 10S1E-04
0.0 21 0.1997 -2.M72 -2,7135  O0.14B3E-04  -.178BE-04  -.2161E-04
40.000 3 88 0.1997 -0.1828 -0,2077  0.3949E-04  -,178BE-04 - 2161E-04
70,000 3 88 0.0354 -0. 4084 -0.4166  0.4879E-04 -, 227BE-04 -, 2401E-04
70.000 4 88 0.0354 0.0050 0.0082  0.4679E-04 -, 2278E-04  -,2801E-04
9070.000 4 83 0. 0000 0.0000 0.0000  0,0000E+00  0.0000E+00  {.0000E+v0
depth layer uix) viy) wiz) ex ey ez
0,000 1 88 0.2272E-18  -.1965E-10  -,B979E-02  0.4094E-05  0.2084E-04  -.4750E-05
20.000 1 ¥% - 4354E-19  0,7889E-11  -.8961E-02  -.3930E-05  -.10S1E-04  0.3392E-05
20,000 2 38 - 3MMBE-18  0.7889E-11  -.B941E-02  -.3931E-05  -.1051E-04  0.1419E-04
40.000 2 83 -.7092E-18  0.1622E-10  -.B698E-02  -.178BE-04  -.2141E-04  0.14B3E-04
40.000 3 33 -.70926-18  0.1622E-10  -.BA9BE-02  -.178BE-04  -.2161E-04  0.3949E-04
70.000 3 83 -.7879E-18  0.1803E-10  -,7520E-02  -.2278E-04  -.2401E-0A4  0,4679E-04
70.000 4 $3 -.7879E-18  0,1803E-10  -,7520E-02  -,2278E-04  -.2404E-04  0.4679E-04
3070.000 4 83 0.0000E400  0,0000€+00  0,0000E+00  0.0000E+00  0.0000E+00  (,0000E+00
- - - ‘ A - P
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Utilized symbols:

SX
sy
sz
tyz
txz
txy
sl
s2

epsl
eps?2
eps3
u(x)
v(y)
w(z)
ex
ey
ez

: normal stress in the x-direction
: normal stress in the y-direction
: normal stress in the z-direction
: shear stress in the yz plane, parallel to y or 2z
: shear stress in the xz plane, parallel to x or z

: maximum principal stress

: medium principal stress

: minimum principal stress

: principal strain

: principal strain

: principal strain

: displacement in the x-direction
: displacement in the y-direction
: displacement in the z-direction
: strain in the x-direction

: strain in the y-direction

: strain in the z-direction

: shear stress in the xy plane, paralle]l to x or y

The normal stresses are taken positive when they produce compression

and negative when they produce tension.




